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Introduction

Successful carrier phase integer ambiguity resolution is crucial 
to precise relative global navigation satellite system (GNSS) 
positioning (Teunissen 1997, Odijk 2000a, Li et al 2010). For 
short baselines of a few km, it is easy to resolve the ambigui-
ties into integers as the ionosphere-fixed model applies in this 
case (Teunissen 1998, Odijk 2000b, Odolinski et al 2015a). 
As the baseline length increases, resolution of the ambiguities 

can be a challenging task, since the ionospheric effects on the 
GNSS observations become so significant that the ionosphere-
float model may apply (Julien et al 2004, Wielgosz 2011).

Since the ionospheric delay is one of the predominant errors 
in precise relative positioning, several techniques have been 
developed to deal with its influence (Odijk 2002, Wanninger 
2002, Euler 2004, Grejner-Brzezinska et al 2004). One typical 
way is to take advantage of the ionosphere-weighted model in 
case of medium baseline, in which the SD ionospheric delays 
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Abstract
Global navigation satellite system (GNSS) carrier phase integer ambiguity resolution is one 
of the key issues and challenges for precise relative positioning. For baselines greater than 10 
km, integer ambiguity resolution becomes difficult because the ionospheric delay effects on 
the single-differenced (SD) observations are significant. One way to deal with this difficulty is 
to weight the ionospheric delays, instead of treating them in a deterministic way, giving rise to 
the so-called ionosphere-weighted model. With this model relative positioning technology is 
enabled to work with much larger inter-station distances than its current status. Here we seek 
to gain insight into how to reasonably weight the SD ionospheric delays, normally introduced 
in the ionosphere-weighted model as pseudo observables, which consists of two sequential 
steps. The first step seeks to construct realistic stochastic models for the GNSS observables 
with the ionosphere-fixed model where the SD ionospheric delays are assumed to be absent. 
With the results so obtained in the second step we estimate the variance of the SD ionospheric 
delays with the ionosphere-float model, in which the SD ionospheric delays are assumed to be 
fully unknown. Numerical tests based on GPS data from the National Geodetic Survey CORS 
network demonstrate a clear improvement in medium baseline real time kinematic (RTK) 
positioning performance, as compared to the ionosphere-weighted model that employs the 
unrealistic stochastic models for the pseudo SD ionospheric observables.
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are treated stochastically instead of deterministically (Odijk 
2000c, Liu 2001, Wielgosz 2005, Zhou and Wang 2013). 
The key of the ionosphere-weighted model lies in stochastic 
modelling of the between-receiver single-differenced (SD) 
ionospheric delays that are introduced as pseudo observa-
bles; this observable, added to the original GNSS observation 
equations, are however often improperly weighted, which can 
degrade the performance of the ionosphere-weighted model 
(Wang et al 2016).

In the medium baseline case, it is reasonable to assume 
the value of the (pseudo) SD ionospheric observables to be 
zero. The key task is then how to weight this observable 
reasonably, which, in this contribution, is accomplished in 
two sequential steps. In the first step, the ionosphere-fixed 
model is derived based on the SD GNSS observation equa-
tions with baseline components and integer ambiguities cor-
rectly fixed, so as to construct the stochastic model for the 
GNSS observables. This procedure is also known as the vari-
ance component estimation (VCE) technique (Tiberius et al 
2000, Wang et al 2002, Tiberius and Kenselaar 2003, Amiri-
Simkooei 2013). The second step concerns the application 
of the ionosphere-float model, using the results of the first 
step, to empirically determine the variances of the SD iono-
spheric delays. Experimental verification is subsequently 
carried out.

Method

This section  begins with a review of the ionosphere-float, 
-fixed and -weighted models, focusing on how to address 
them with the rank deficiencies underlying the GNSS obser-
vation equations. Next, we briefly introduce how to use the 
VCE technology to obtain correct stochastic models of the 
GNSS observables. We close this section with a description 
on how to perform stochastic modeling of the SD ionosphere 
observables.

Models

Consider receivers r, u tracking a GNSS system s∗ = 1∗, ..., m∗ 
on frequencies j∗ = 1∗, . . . , f∗, where s∗ and m∗ are the number 
of satellites and frequencies of the system, respectively. Note 
that the baseline length of our study was not greater than 100 
km, so the tropospheric delay has not been treated as one 
type of unknown parameters; instead, we assume that the 
Saastamoinen troposphere model can effectively eliminate its 
impact (Saastamoinen 1972, Goad 1974, Böhm et al 2007).

Ionosphere-float model.  In this case, the ionospheric effects 
on the GNSS data are so significant that they should be treated 
as fully unknown parameters. Receiver code and phase delays 
left after single-differencing are responsible for the rank defi-
ciencies underlying the observation equations. We can obtain 
full-rank equations by using the S-system theory (Teunissen 
et al 2010). Table 1 summarizes the number of rank deficien-
cies and the S-basis choice of the ionosphere-float, -fixed and 
-weighted models.

The rank deficiencies for the ionosphere-float model comes 
from three aspects, which are the rank deficiencies between 
the receiver clock and code/phase delays, those between the 
clocks, code/phase delays and ionosphere, and those between 
the phase delays and ambiguities. After choosing some of the 
parameters as the S-basic choice, as suggested in table 1, the 
SD full-rank observation equations read

∆ρs∗
ru,j∗ = cs∗T

u ∆xru +∆d̃tru +∆d̃ru,j∗ + µj∗∆Ĩs∗
ru

∆φs∗
ru,j∗ = cs∗T

u ∆xru +∆d̃tru +∆δ̃ru,j∗ − µj∗∆Ĩs∗
ru + λj∗∇∆Ñ1s∗

ru
� (1)
where ∆(.)ru = (.)u − (.)r  is the notation for SD, the SD code 
and phase are denoted as ∆ρs∗

ru,j∗ ,∆φs∗
ru,j∗, respectively, cs∗T

u  
is the line-of-sight unit vector from receiver u to the satel-
lites obtained from linearizing the system of equations with 
respect to the receiver coordinates, which can be expressed 
as cs∗T

u = (xs − xu)
T
/ ‖xs − xu‖ and µj∗ = f 2

1∗/f 2
j∗ is the con-

version of ionospheric delay from frequency 1∗ to j∗ among 
a GNSS, while λj∗ denotes the wavelength for frequency j∗. 
Table 2 presents the unknown parameters and their interpreta-
tions in equation (1).

Ionosphere-fixed model.  Ionosphere delays can be elimi-
nated sufficiently in single differencing for a short baseline of 
a few km, which increases the redundancy and thus strength-
ens the model. However, even in this situation, the observa-
tion equations  are not of full-rank (Odolinski et  al 2013). 
Notably in table 1, ∆dru,2∗is no longer selected as a S-basis 
choice compared to the ionosphere-float model because the 
rank defects between the receiver clocks, code/phase delays 
and ionosphere are eliminated.

After the rank deficiencies have been solved, the iono-
sphere-fixed full-rank observation equations are as follows:

∆ρs∗
ru,j∗ = cs∗T

u ∆xru +∆d˜̃tru +∆˜̃dru,j∗

∆φs∗
ru,j∗ = cs∗T

u ∆xru +∆d˜̃tru +∆
˜̃
δru,j∗ + λj∗∇∆Ñ1s∗

ru .
�

(2)

Similar to tables  2 and 3, this interprets the unknown 
parameters.

Ionosphere-weighted model.  For this model the S-basis 
choice is the same as the ionosphere-fixed model, so we can 
obtain an ionosphere-weighted model of full rank easily as 
follows:

∆ρs∗
ru,j∗ = cs∗T

u ∆xru +∆d̃̃tru +∆˜̃dru,j∗ + µj∗∆Is∗
ru

∆φs∗
ru,j∗ = cs∗T

u ∆xru +∆d̃̃tru +∆
˜̃
δru,j∗ − µj∗∆Is∗

ru + λj∗∇∆Ñ1s∗
ru

∆Îs∗
ru = ∆Is∗

ru
�

(3)

Table 1.  The number of rank deficiencies and the S-basis choice 
of the ionosphere-float, ionosphere-fixed and ionosphere-weighted 
models, where f∗ stands for the number of frequencies.

Model Rank defects S-basis choice

Ionosphere-float 2 + f∗ ∆dru,1∗ ,∆dru,2∗ ,∆N1∗
ru,j∗

Ionosphere-fixed 1 + f∗ ∆dru,1∗ ,∆N1∗
ru,j∗

Ionosphere-weighted 1 + f∗ ∆dru,1∗ ,∆N1∗
ru,j∗

Meas. Sci. Technol. 30 (2019) 095008
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where ∆Îs∗
ru denotes the additional ionosphere observables. 

The estimable unknowns here have the same interpretation as 
those in the ionosphere-fixed model (see table 3).

Interestingly, ionosphere-fixed and ionosphere-float models 
are two special cases of the ionosphere-weighted model. 
When σI = 0 (or ‘infinite’ weight), the ionospheric delays are, 
strictly speaking, not stochastic variables, but deterministic 
quantities, implying that they are completely known before-
hand. In this case the ionosphere-weighted model reduces 
to the so-called ionosphere-fixed model. On the other hand, 
when σI = ∞ (or ‘zero’ weight), the ionospheric observations 
do not contribute at all to the solution of the model, they are 
assumed to be completely unknown parameters, and the solu-
tion equals that of the ionosphere-float model.

Variance component estimation (VCE)

The functional model depicts the relations between measured 
and unknown parameters (Zhang et al 2018); meanwhile, the 
stochastic model shows the accuracy (variance) and correlation 
(covariance) of observations (Grodecki 2001). The optimal 
parameter estimation, which guarantees precise positioning in 
GNSS applications, can only be addressed by accurate sto-
chastic models (Crocetto et al 2000, Liu et al 2004, Teunissen 
and Amiri-Simkooei 2008). Therefore, different observations 
should be weighted reasonably so as to adequately reach the 
best linear unbiased estimators (BLUE). This can be achieved 
by employing the VCE methods with which the contribution 
of different noise components to the stochastic model can be 
estimated.

The VCE methods have been widely applied to the standard 
least squares (SLS) problem in which only the observation 
vector is subject to heterogeneous noise. Several VCE methods 
exist, such as minimum norm quadratic unbiased estimation 
(MINQUE) and the Helmert method (Amiri-Simkooei 2007, 
Xu et al 2006). We use least-squares VCE (LS-VCE) because 
it is widely used in GNSS (Ananga et al 1994, Li et al 2008, 
Amiri-Simkooei and Jazaeri 2012).

In VCE for GNSS measurements, the SD model is favored 
for several reasons. First, the mathematical correlation is not 
introduced, leading to the variance matrix being a diagonal 
matrix. Then, it is very convenient to evaluate stochastic char-
acteristics based on SD residuals. Furthermore, zero-short 
baselines are also favored because the ambiguity can be fixed 

easily and the effects of residual tropospheric, ionospheric and 
multipath errors can be neglected.

The ionosphere-fixed model with a priori known base-
line components and integer ambiguities is widely adopted. 
The rank deficiencies of the ionosphere-fixed model has been 
solved; thus we can easily obtain the equation used in VCE, 
which read

∆ρ̃s∗
ru,j∗ = ∆ρs∗

ru,j∗ − cs∗T
u ∆xru = ∆dru,j∗

∆φ̃s∗
ru,j∗ = ∆φs∗

ru,j∗ − cs∗T
u ∆xru − λj∗∇∆Ñ1s∗

ru = ∆δru,j∗
�

(4)

where ∆dru,j∗ = ∆dtru +∆dru,j∗ and ∆δru,j∗ = ∆dtru +∆δru,j∗. 
In this study, for each type of observation, only one unknown 
parameter is presented. Assuming m satellites are tracked at 
the same time, only one system is used for the ease of presen-
tation, and the SD equation of one observable type reads

∆y = em∆x� (5)

where ∆y denotes ∆ρ̃s∗
ru,j∗ ,∆δ̃s∗

ru,j∗,em expresses m vectors 
filled with ones and ∆x represents only one unknown in a 

class of observational equations  (∆dru,j∗ ,∆δru,j∗). The VCE 
formulas derived in this study are based on the least-squares 
residuals Vi = ∆y − em∆x̃, in which i denotes different types 
of measurements and ∆x̃  represents the least squares estimate 

Table 2.  Estimable unknown parameters and their interpretations in the ionosphere-float model, where s∗ and j∗ are the number of 
satellites and frequencies of one GNSS.µj∗ = f 2

1∗/f 2
j∗ is the frequency-dependent factor that is used to convert ionospheric delay from the 

first frequency to other frequencies of one system.

Notation and interpretation Estimable parameter

∆xru = ∆xu −∆xr Relative receiver coordinates

∆d̃tru = ∆dtru +
µ2∗

µ2∗−µ1∗
∆dtru,1∗ − µ1∗

µ2∗−µ1∗
∆dtru,2∗

Relative receiver clock with code delays on j∗ = 1∗, 2∗

∆d̃ru,j∗ = ∆dru,j∗ − µ2∗−µj∗
µ2∗−µ1∗

∆dru,1∗ +
µ1∗−µj∗
µ2∗−µ1∗

∆dru,2∗
Relative receiver code delays, where j∗ � 3

∆δ̃ru,j∗ = ∆δru,j∗ − µ2∗+µj∗
µ2∗−µ1∗

∆dru,1∗ +
µ1∗+µj∗
µ2∗−µ1∗

∆dru,2∗ + λj∗∆N1∗
ru,j∗

Relative receiver phase delays, where j∗ � 1

∆Ĩs∗
ru = ∆Is∗

ru +
∆dru,2∗−∆dru,1∗

µ2∗−µ1∗

Relative ionospheric delays biased by between-receiver 
differential code biases (BR-DCB), where s∗ � 1

∇∆Ñ1s∗
ru = ∆Ns∗

ru −∆N1∗
ru

DD integer ambiguities, where j∗ � 1, s∗ � 2

Table 3.  Unknown parameters and their interpretation for 
ionosphere-fixed and ionosphere-weighted models, where s∗ and j∗ 
are the number of satellites and frequencies of one GNSS.

Notation and interpretation Estimable parameter

∆xru = ∆xu −∆xr Relative receiver 
coordinates

∆d̃t̃ru = ∆dtru +∆dtru,1∗
Relative receiver 
clock with code  
delays on j∗ = 1

∆˜̃dru,j∗ = ∆dru,j∗ −∆dru,1∗
Relative BR-DCB, 
where j∗ � 2∗

∆
˜̃
δru,j∗ = ∆δru,j∗ −∆dru,1∗ + λj∗∆N1∗

ru,j∗
Relative receiver 
phase delays, where 
j∗ � 1∗

∆Is∗
ru Relative ionospheric 

delays

∇∆Ñ1s∗
ru = ∆Ns∗

ru −∆N1∗
ru

DD integer  
ambiguities, where 
j∗ � 1∗, s∗ � 2

Meas. Sci. Technol. 30 (2019) 095008
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of the parameter. The formula for estimating the (co)variances 
is

δru,ij = δr,ij + δu,ij =
VT

i Vj

m − 1
� (6)

which makes the VC matrix of the SD observable.
With two receivers r and u, if they are of the same type, 

the (co)variances of the undifferenced observations can be 

obtained by δr,ij = δu,ij =
δru,ij√

2
. After the (co)variances of 

undifferenced observations are solved, we can calculate the 
cross correlation (ρij) between observations of different types 
as follows:

ρij =
δij√
δi
√
δj

� (7)

where δij represents covariance, δi and δj denotes variance of 
different types. With the above formula, we can readily form
ulate the stochastic model for each of the receivers used.

Weighting the SD ionospheric observables

The SD ionospheric delays of one satellite in five minutes can 
be adequately assumed to be constant, because of the very 
small variation of elevation angle over this short period. Thus, 
we intend to use the ionosphere-float model to separate the 
SD ionospheric delay of each satellite and calculate the STD 
of the SD ionospheric delays as the variance. For the accu-
rate acquisition of SD ionospheric delays, the ionosphere-float 
model with a priori known baseline components and integer 
ambiguities is adopted, which reads

∆ρ
s∗
ru,j∗ = ∆ρ̃s∗

ru,j∗ − cs∗T
u,j∗∆xru = ∆d̃̃tru,j∗ + µj∗∆Ĩs∗

ru

∆φ
s∗
ru,j∗ = ∆φ̃s∗

ru,j∗ − cs∗T
u,j∗∆xru − λj∗∆Ñ1s∗

ru,j∗

= ∆d˜̃tru,j∗ +∆
˜̃
δru,j∗ + µj∗∆Ĩs∗

ru
�

(8)

where the parameters have the same interpretation as the 
ionosphere-float model. Note, importantly, that not only the 
SD ionospheric delays but also the BR-DCBs are contained in 
∆Ĩs∗

ru, which may affect the randomness of the SD ionospheric 
delays. For this we turn to the ionosphere-weighted model 
to estimate BR-DCB and apply them to the SD ionospheric 
delays obtained from the ionosphere-float model (Zhang and 
Teunissen 2015, Zhang and Teunissen 2016). For the empir-
ical ionosphere-weighted model adopted, the variance of the 
SD ionospheric delays is chosen as a function of the baseline 
length, say, 0.96 mm/km (Schaffrin and Bock 1988, Odolinski 
et al 2015b).

The variance of the SD ionospheric delays (called iono-
spheric variance here and in the following) varies as a func-
tion of the location, time, solar activity, elevation angle, and 

baseline length. Fortunately, we focus on baselines less than 
60 km, and assume the ionospheric observables to be zero, 
which eases the difficulty of modeling. Therefore, the iono-
spheric variance is modeled as a function of the baseline 
length and elevation angle in this study.

Experimental results

We begin this section by briefly describing the VCE results, 
followed by illustrating the result of stochastic modeling of 
SD ionospheric observables, from which we make our major 
findings. Two experiments are carried out. The first experi-
ment seeks to obtain stochastic models of GNSS observables; 
the second is used to estimate the ionospheric variance.

Stochastic modeling of GNSS observables

It must be emphasized that, in the data processing throughout 
this article, the detection, identification and adaptation (DIA) 
procedure is used to eliminate outliers (Teunissen 2018), 
and the integer ambiguity resolution is conducted using the 
LAMBDA method (Teunissen 1995, 1999).

Table 4 summarizes the relevant characteristics of the 
experimental data sets considered in the first experiment, 
including the station name, receiver and antenna type, approx-
imate location of the receivers and the time period of the 
observations.

The three receivers, from a network deployed at the main 
campus of Curtin University in Perth (Australia), create two 
short baselines. We collected GPS (phase and code) obser-
vations at both L1 (1575.42 MHZ) and L2 (1227.60 MHZ) 
frequencies, on August 8, 2018. The three receivers CUT0/
TA/AI were installed in the roof-top plant room of building 
402, where CUTA and CUAI share an antenna and CUT0 and 
CUTA/CUAI form two baselines of 0.08 m.

In all the cases, the sampling interval of the experimental 
GPS observations is 1 s, and the elevation cut-off is set to be 
25°. We empirically set the undifferenced standard deviation of 
code as 0.3 m and of phase as 3 mm. For the detailed analysis, 
we selected an observation span of 10 min (600 epochs) each 
hour and take the average of all the results as the final result.

We focus first on the baseline of CUT0-CUTA, because the 
two receivers are of the same type, the standard deviations and 
correlation coefficients of the undifferenced observation can 
be easily obtained by the error propagation law, using equa-
tions (6) and (7). Table 5 shows the VCE results of the Net R9 
receiver, given on the diagonal are the standard deviations in 
terms of the undifferenced code and phase observation, and 
the correlation coefficients are given as the off-diagonal ele-
ments (top).

Table 4.  An overview of GPS data sets used in VCE.

Station name Receiver type Antenna type Location Observation period

CUT0 TRIMBLE NETR9 TRM59800.00 115.89 °E, 32.00 °S 2018, day 220
CUAI SEPT POLARXS TRM59800.00
CUTA TRIMBLE NETR9 TRM59800.00

Meas. Sci. Technol. 30 (2019) 095008
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From the table 5, it can be seen that the precision of the 
estimated standard deviations is higher than the empirical 
(code 0.3 m; phase 3 mm). Moreover, there is a correlation 
between the observations at the two frequencies, especially 
between the L1 and L2.

We next focus on the CUT0-CUAI, in which the two 
receivers are of different types, the VCE result of Net R9 
should be utilized to calculate the variance-covariance of 
the SEPT POLARXS receiver, and thus determine the undif-
ferenced VCE result of the receiver. Table 6 shows the VCE 
results of the SEPT POLARXS receiver, the elements have 
the same meaning as in table 5. For the sake of simplicity, we 
only analyzed the results of two types of receivers; the results 
of other types of receivers can be determined by this method.

It is worth noting that, along with the standard devia-
tion and correlation estimates discussed above, the relation 
between elevation and observation accuracy is also important 
for the stochastic model. Equation (9) is considered a reason-
able stochastic model function, which reads

σ̂ = σo(e1 + e2 exp(
−Em∗�E0 ))� (9)

where σ̂ and σ0  represent the final observation accuracy and 
the accuracy calculated by VCE above, Em∗ is the elevation of 
the satellite m∗, and e1, e2 and E0 are the model coefficients.

We only present the modeling results of the Net R9 sto-
chastic model here (see figure 1), which will be applied to the 
calculation to determine the weights of the SD ionosphere.

Stochastic modeling of SD ionospheric observables

A number of nationwide distributed receivers (see figure  2 
for their locations) from the National Geodetic Survey (NGS) 
CORS network are selected in the second experiment. The 
network is used to analyze ionospheric variance and the per-
formance of the calculated ionosphere-weighted model. GPS 
L1 and L2 data were collected at a 1-s sampling rate, on 
September 5, 2018, which is freely available from the NGS 
FTP server (ftp://geodesy.noaa.gov/cors/). All stations that 

participated in this study are equipped with Trimble Net R9 
receivers.

In this experiment, we used a cut-off elevation angle of 15° 
to discard particularly noisy GPS data. These observations 
were weighted according to the stochastic model results cal-
culated in the first experiment.

Figure 3 depicts ‘biased’ SD ionospheric delays ∆Ĩs∗
ru 

(which are biased by BR-DCB, see details in table 2) deter-
mined by the ionosphere-float model for the MC02-MC03 
baseline from GPS L1  +  L2 data collected on September 5, 
2018. We split this figure  into six panels for clearer presen-
tation, with each panel showing the result of one satellite. 

Moreover, the red line in each panel represents the BR-DCB 

bias (∆dru,2∗−∆dru,1∗
µ2∗−µ1∗

) in SD ionospheric delays. We can see that 

in this case the BR-DCB can affect ‘biased’ SD ionospheric 
delays because their trends are consistent. This is, however, 
not unexpected, given their interpretation (see table 2).

Table 5.  Standard deviation and correlation coefficients of the Net 
R9 receiver.

Code/
phase C1 P2 L1 L2

C1 0.288 m 0.09 0.02 0.00
P2 0.235 m −0.00 −0.01
L1 1.568 mm 0.38
L2 1.652 mm

Table 6.  The standard deviation and correlation coefficients for 
SEPT POLARXS receiver.

Code/
phase C1 P2 L1 L2

C1 0.393 m 0.05 −0.02 −0.03
P2 0.187 m −0.21 −0.26
L1 0.96 mm 0.41
L2 1.31 mm

Figure 1.  Stochastic model of the Net R9 used in data processing.

Figure 2.  Configuration of the CORS network receivers used in this 
study (baseline length in kilometers).
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In order to obtain high precision SD ionospheric delays, 
it is necessary to eliminate the effect of BR-DCB through an 
empirical ionosphere-weighted model. In figure  4, which is 
analogous to figure 3, expect that BR-DCB is removed from 
‘biased’ ionospheric delays. In accordance with our expecta-
tions, these time series do not exhibit a consistency tendency. 
In this case, we can calculate the STD of the SD ionospheric 
delays as the variance of the observed values.

Based on the data in the network, a large number of results 
were obtained, including the accuracy of SD ionospheric 
delays at different time periods at different baselines and of 
different satellites. Considering the fact that a large set of 
results are available, we do not attempt to cover all of them, 
rather, without loss of generality and for the sake of clarity, 

we only present the results for several receivers on September 
5, 2018.

Let us focus first on figure 5, consisting of four panels, with 
each showing that the accuracy of ionospheric delays varies 
with elevation, using the same observation period. It is worth 
mentioning that four of the baselines involved here are of dif-
ferent lengths, from 10 kilometers to more than 50 kilometers. 
Two findings emerge here. First, there is a correlation between 

Figure 3.  Biased ionospheric delays and BR-DCB change trend at 
the MC02-MC03 baseline over five minutes.

Figure 4.  Ionospheric delay with BR-DCB eliminated at the 
MC02-MC03 baseline in five minutes.

Figure 5.  The relationship between the accuracy and elevation 
angle for four baselines ((a) MC03-MC06 with 11.06 km; (b) 
MC02-MC03 with 28.50 km; (c) MC05-MC10 with 35.80 km; 
(d) MC02-MC04 with 55.78 km).

Figure 6.  Relationship between accuracy and the baseline length of 
four satellites ((a) G32; (b) G14; (c) G18; (d) G20).

Meas. Sci. Technol. 30 (2019) 095008
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ionospheric delay precision and elevation angle, as evidenced 
by the fact that the accuracy improves with the increase of 
elevation. Second, the accuracy decreases as the baseline 
length increases, with the length of the baseline increasing 
from (a)–(d).

Since the elevation of satellites observed by receivers at 
both ends of the same baseline are different, the relationship 
between baseline length and the accuracy of ionospheric delay 
was analyzed for different satellites over the same observation 
period. Satellites with low elevation are usually susceptible to 
frequent cycle slips as well as significant tropospheric delays, 
and are thus not involved in our analysis.

Figure 6 is analogous to figure 5, except that the horizontal 
axis now refers to the baseline length. It is worth mentioning 
that the four satellites examined here are divisible into two 
pairs, with each pair being located in high- (G32 and G24) and 
middle-elevations (G18 and G20), respectively. Similar to the 
second conclusion obtained when we analyzed the relation-
ship between elevation and accuracy. From figure 6 one can 
see that it is feasible to establish a linear function according to 
the length of the baseline.

Notably, since ionospheric variance is related to the eleva-
tion and baseline length, we construct the empirical model as 
follows:

σ̂I = Lbase(e1 + e2 exp(
−Em∗�E0 )) + e3� (10)

which is analogous to (4), except that Lbase represents the base-
line length in kilometers and e3 is a model coefficient added.

Based on equation  (10), the model coefficients of the 
ionospheric weighting function are obtained by the least-
squares fitting. In this case, the ionospheric model coeffi-
cients e1, e2, E0, e3 are given as 0.0000846, 0.00096, 8.745 
and 0.001045, respectively, and the fitting surface is shown in 

figure 7. In figure 7, we can clearly see the functional relation-
ship among ionospheric precision, baseline length and eleva-
tion. The performance of this function is unknown and will be 
analyzed in detail.

Medium baseline RTK.  Based on three baselines of different 
lengths above, four strategies are designed to show the impact 
of the ionosphere-weighted model calculated. All three base-
lines are taken from the NGS CORS network, and the details 
are presented in table 7. The strategies designed are as follows.

	 1.	�The ionosphere-float model of empirical observation 
weight is adopted, with 0.3 m for the code and 3 mm for 
the phase.

	 2.	�The ionosphere-float model with observation weighted 
by VCE result.

	 3.	�The ionosphere-weighted model used empirical obser-
vation weights, which is the same as strategy 1 and the 
empirical ionospheric weight used is 0.96 mm/km.

	 4.	�The ionosphere-weighted model with observations 
weighted by the VCE result and equation (10) is used as 
the ionospheric weighted function.

In the experiment, the Kalman filter is used for parameter 
estimation. The ionospheric and clock parameters are mod-
eled as time-varying parameters. For the detailed analysis, we 
select an observation span of 3 h with an interval of 30 s (360 
epochs) as an example and take the average of all the results 
as the final result.

The first figure of merit considered here is the time to first 
fix (TTFF), that is the time required before the first fixed solu-
tion is available. We reinitialize the filter after fixed ambi-
guity and the whole procedure is repeated again to obtain 
the average of the TTFF. Table 8 shows this measure for four 
strategies and for three baselines. The conclusions drawn from 
table 8 are as follows.

	 1.	�We focus first on the contrast strategies 1 and 2 with 
strategies 3 and 4, depicting the performance between 
the ionosphere-weighted and ionosphere-float models. 
We learn that, the ionosphere-weighted model, compared 
to ionosphere-float models, performs well for medium 
baseline lengths. In addition, it should be noted that the 
strategies 1 and 2 are intended to illustrate the importance 
of reasonable stochastic models for parameter estimation, 
and there is no doubt that strategy 2 performs better than 
strategy 1.

	 2.	�Attention is then paid to the contrast between strategies 
3 and 4, which is the focus of our research. As we can 
see from NCSA-NCLE, which has a baseline less than 30 
kilometers, both weighted models perform well. With an 
increasing distance between receivers, precise weighting 
performs significantly better than empirical weighting as 
shown in the reduced TTFF. The TTFF is reduced by a 
factor of approximately two for two baselines (NCWC-
NCRE, NCSA-NCTR). We attribute this superior 
performance to the fact that the ionosphere-weighted 
model is highly likely to work well with a reasonable 
weight of ionospheric delays.

Figure 7.  The relationship between the accuracy of ionospheric 
delays and the length of baseline and elevation obtained by 
matching.
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It is worth noting that, along with the reasonable weight 
of ionospheric observations, the ionospheric accuracy is also 
very important. The value of the observation is set as zero 
in this study, which limits model performance. We firmly 
believe that more accurate ionospheric information, combined 
with the precise weight distribution here, would be ideal for 
medium baselines with TTFF.

Now that the TTFF performance has been analyzed, it is 
natural to turn our attentions to analysis of the accuracy of 
the positioning results. Different from the ambiguity resolu-
tion analysis, the filters are not reset after ambiguity is fixed. 
Figure 8 shows three baselines calculated by different strate-
gies. The coordinate correction values of the north, east and 
up are given. Each baseline is analyzed according to the above 
strategies 1, 2, 3, 4. It is worth noting that the truth coordinate 
values adopted in the experiment are derived from the real 
coordinates provided by NGS.

As expected, the ionosphere-weighted model signifi-
cantly improves the positioning accuracy. First focusing on 
(a) NCSA-NCLE, the shortest baseline, the ionosphere-float 
model does not achieve the same effect as the ionosphere-
weighted model until it has dozens of epochs. The perfor-
mance of the two ionosphere-weighted models is also roughly 
the same because of the fixed ambiguities, which can be 
achieved without a long baseline. Then, we turn our attention 
to the other two baselines, both of which are over 40 kilo-
meters. The time for the ionosphere-float model to converge 
becomes longer, because the ambiguity fixed is harmed by the 
residual ionospheric delays. Note that, even with the empirical 
ionosphere-weighted model, the ambiguities can hardly be 
resolved since the weight of the ionospheric observables used 
is not realistic.

Figure 9 shows the RMS results of the three baseline strat-
egies, which correspond to figure  8. The graph shows the 
improvement when going from the ionosphere-float model 
with dm-level precision, to the ionosphere-weighed model 
with mm to cm-level precision, as well as the improvement 
which a reasonably weighting function brings. In this context, 
note that the ionosphere-weighted model, with the weighting 
model we raise, can achieve mm-level precision while the 
empirical one can only be mm-cm for north, east and up.

Conclusions

The core contribution of this work is to construct reasonable 
stochastic model for the between-receiver SD ionospheric 
delays, used as pseudo observables in the ionosphere-weighted 

Table 8.  TTFF needed for three baselines using different strategies.

#epochs needed  
(The sampling interval is 30 s)

Baseline
Strategy  
1

Strategy  
2

Strategy  
3

Strategy  
4

NCSA-NCLE 36 31 1 1
NCWC-NCRE 44 37 2 1
NCSA-NCTR 56 46 6 2

Figure 8.  Baseline comparison of three baselines using different 
strategies. The left-hand column is (a) NCSA-NCLE, the middle 
column is (b) NCWC-NCRE, and the right-hand column is (c) 
NCSA-NCTR. The errors of north, east and up are given in the 
top, middle, and bottom rows, respectively. s1, s2, s3 and s4 in the 
figure represents the four different data processing strategies.

Figure 9.  RMS of north, east and up obtained by the four strategies. 
The left-hand column is NCSA-NCLE, the middle column is 
NCWC-NCRE, and the right-hand column is NCSA-NCTR. The 
RMS results of each group of baselines are calculated according to 
the four strategies, which are represented by 1, 2, 3, 4 in figure.

Table 7.  Details of the three baselines used in the experiment.

Baseline Receiver type Length (km) Location Observation period
Sampling 
interval

NCSA-NCLE Trimble NetR9 21.614 35 °N, 80 °W 2018, day 210-220 30 s
NCWC-NCRE 46.610
NCSA-NCTR 63.701
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model, so as to raise the success rate of integer ambiguity res-
olution and further the positioning accuracy.

To achieve our goal, three models are used, including 
the ionosphere-fixed, -weighted and -float models; different 
models play different roles in the study, as suggested by 
figure 10. The ionospheric variance as a function of elevation 
as well as the length of the baselines is established. In addi-
tion, this work has strong practicability and reliability, and can 
effectively increase the inter-station distance of RTK posi-
tioning technology. However, this model is limited by time 
and space, so it is necessary to make corresponding modeling 
for specific areas.

We assessed the performance of the ionosphere-weighted 
model based on a set of GPS data from the National Geodetic 
Survey (NGS) CORS network. In our analysis, the time to 
first fix (TTFF) was investigated, and the positioning perfor-
mance was evaluated by comparing the positions estimated 
to their ground truths. The results obtained thus warrant two 
conclusions.

First, in contrast to the ionosphere-float model, the ion-
osphere-weighted model is capable of reducing the time 
required to fix ambiguity to a large extent. For a medium 
baseline, the ionosphere-weighted model usually requires 
only a few minutes to firstly resolve the ambiguities while the 
ionosphere-float model takes much longer time.

Second, the ionosphere-weighted model, with observa-
tions and ionospheric delays weighted reasonably, can pro-
vide reliable ambiguity resolution in one minute even in 
the absence of any external ionospheric information. Use 
of the proper GNSS stochastic model as derived from the 
VCE method, along with the realistic ionospheric weighting 
strategy can ensure optimal RTK positioning performance in 
case of medium baselines.
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