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Array-Aided GNSS for Precise Determination
of Ionospheric and Tropospheric Delays
With Integer Ambiguity Resolution

Xingyu Chen™, Xiaolong Mi*“, Yunbin Yuan"™, Ahmed El-Mowafy", Hongjin Xu"™, and Wenwu Ding

Abstract— Ground-based global navigation satellite system
(GNSS) observations are essential for acquiring high-precision
ionospheric and tropospheric information due to their superior
temporal and spatial resolution, making them invaluable in
space weather monitoring and meteorology. However, the widely
used single-station precise point positioning (PPP) technology
faces accuracy challenges due to the need to estimate a large
number of parameters and the presence of float ambiguities.
Array-aided GNSS technology holds promise for enhancing
atmospheric information extraction through redundant obser-
vations. Yet, traditional array-aided models struggle to extract
tropospheric delays, as tropospheric parameters are absorbed
by satellite clocks during the elimination of rank deficiencies.
In this article, we present an array-aided precise atmospheric
delay determination (A-PADD) method that incorporates integer
ambiguity resolution (IAR). Building on the PPP framework,
we develop a full-rank model that allows for the simultaneous
estimation of ionospheric and tropospheric parameters, utilizing
a short baseline for rapid IAR. Through canonical decomposi-
tion (CD) theory, we analytically demonstrate that while IAR
does not enhance ionospheric delay estimation, it improves the
determination of tropospheric delays. Empirical data corroborate
this theoretical insight. Our experimental results show that
the A-PADD method surpasses the traditional PPP method in
terms of accuracy and stability of atmospheric delay extraction.
Specifically, for ionospheric delay determination, A-PADD accel-
erates the initialization process through additional redundant
observations. For tropospheric delay determination, A-PADD
improves the extraction accuracy by 23% compared to traditional
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PPP and shows greater consistency with the international GNSS
service (IGS) final product. Therefore, within the array-aided
framework, for applications solely focused on ionospheric delay
estimation, higher accuracy can be achieved without IAR, thereby
reducing computational requirements. For applications requiring
both ionospheric and tropospheric delay information, implement-
ing IAR is advantageous, particularly during the initialization
phase of tropospheric delay determination.

Index Terms— Array-aided precise atmospheric delays deter-
mination (A-PADD), canonical decomposition (CD), global
navigation satellite systems (GNSSs), integer ambiguity resolu-
tion (IAR), ionospheric delay, tropospheric delay.

I. INTRODUCTION

HE ionosphere, a critical component of space weather,
is predominantly formed by the Sun’s high-energy elec-
tromagnetic and particle radiation and its variations. Despite
significant advancements, the intricate coupling processes
within the ionosphere remain incompletely understood, neces-
sitating further investigation [1]. Additionally, the ionosphere’s
influence on contemporary technologies, such as communica-
tion, navigation, and remote sensing, demands continuous and
reliable monitoring and forecasting to mitigate potential dis-
ruptions, particularly during space weather events such as solar
flares [2], [3], [4], [5], [6] and coronal mass ejections [7], [8].
Similarly, the troposphere, the lowest layer of the Earth’s
atmosphere, containing approximately 80% of the atmospheric
mass and 99% of the water vapor and aerosols, plays a
pivotal role in weather and climate dynamics [9]. Most
weather phenomena occur within the troposphere, making it
a primary focus for atmospheric studies. Zenith tropospheric
delay (ZTD) is a crucial input parameter for numerical weather
prediction models [10], [11], [12], enhancing the accuracy
of weather forecasts. Additionally, zenith wet delay (ZWD)
is strongly correlated with precipitable water vapor (PWV),
making it valuable for studies on water vapor monitoring and
climate change [13], [14], [15].

Accurate detection and monitoring of the Earth’s ionosphere
and troposphere are therefore essential for understanding
atmospheric processes and improving weather prediction
models. Various observational technologies have been devel-
oped for this purpose, each with its unique strengths and
limitations. For ionospheric total electron content (TEC)
detection, altimeters and incoherent scatter radars are com-
monly used. Altimeters measure the height of the ionosphere
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by bouncing radio waves off its layers, while incoherent
scatter radars provide detailed profiles of electron density
by scattering radio waves off free electrons [16], [17]. For
tropospheric water vapor extraction, microwave radiome-
ters (MWRs) are widely employed. MWRs measure the
intensity of microwave radiation emitted by atmospheric water
vapor, providing valuable data on water vapor content [18].
Despite the effectiveness of these technologies, global navi-
gation satellite system (GNSS) offers several advantages that
make them superior for atmospheric observation. GNSS pro-
vides continuous, high-resolution data with extensive spatial
and temporal coverage. Ground-based GNSS receivers can
accurately determine ZTDs and extract TEC from ionospheric
observations, making GNSS a versatile tool for atmospheric
research [19], [20], [21], [22], [23].

Precise point positioning (PPP) has been widely adopted
in GNSS for ionosphere and troposphere detection. Utilizing
precise satellite clock and orbit products released by the
international GNSS service (IGS) and employing the undif-
ferenced (UD) uncombined PPP (UCPPP) model, both
ionospheric and tropospheric delays can be estimated, retain-
ing all observational information and facilitating extension to
multifrequency observations [24], [25]. However, in real-world
GNSS observations, PPP has certain limitations for extracting
atmospheric delays. First, the parameter estimation process is
complex and challenging, often requiring a long convergence
time (CVT). Additionally, the model strength of single-station
observations is weak and susceptible to interference from
instrumentation and environment such as in low SNR sce-
narios or in the presence of wideband interferences [26].
Furthermore, since the ambiguities are not fixed, the estimates
of atmospheric parameters cannot achieve the theoretically
optimal accuracy.

Our study is motivated by the underutilization of data
from continuously operating reference stations (CORSs),
which often have multiple receivers to maintain spa-
tial reference frameworks and monitor positioning service
integrity [27], [28]. These colocated data, available within
very short distances, offer an opportunity to enhance
parameters estimation by improving model robustness and
reducing observational noise. Building on this, the con-
cept of array-aided GNSS has been successfully applied
in various fields, such as attitude determination, high-
performance positioning [29], [30], [31], [32], and mitigating
receiver spoofing and environmental interference like multi-
path effects [33], [34], [35].

Extending array-aided GNSS concept to atmospheric mon-
itoring has shown both potential and limitations in previous
research. For example, Zaminpardaz et al. [36] and Khod-
abandeh and Teunissen [37] applied the satellite clock esti-
mated (SCE) model, based on broadcast ephemeris, to improve
ionospheric delay extraction. Despite its benefits, this model,
derived from UD RTK, cannot directly estimate ZTD at
a single station. This limitation arises because tropospheric
parameters are absorbed into the satellite clock estimates to
eliminate rank deficiencies, thus constraining its use in mete-
orological applications. In contrast, Wang et al. [38] used the
UCPPP model to reorganize atmospheric parameters for tropo-
spheric delay estimation with low-cost receivers, but it did not
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address ionospheric delays or achieve integer ambiguity reso-
lution (IAR), thus not reaching optimal theoretical accuracy.

Our contribution enhances the array-aided GNSS framework
by introducing the satellite clock fixed (SCF) model [39], [40],
which leverages external precise satellite clock products to
enable the direct estimation of both ionospheric and tropo-
spheric delays. We successfully implement IAR and provide
a comprehensive theoretical and experimental analysis of the
benefits of array-aided GNSS in atmospheric delay estima-
tion. Our work evaluates the impact of IAR on atmospheric
parameter estimation and offers practical guidance for its
implementation, enhancing the efficiency and accuracy of
atmospheric monitoring.

In Section II, we first outline the GNSS raw carrier phase
and pseudorange equations, introduce the UCPPP observation
model, and present the array-aided precise atmospheric delay
determination (A-PADD) concept, along with its mathematical
model incorporating IAR. We extend the canonical decompo-
sition (CD) theory from the SCE model to the SCF model,
partitioning atmospheric parameters into UD, between-station
single-differenced (SD), between-satellite SD, and double-
differenced (DD) components. This theoretical framework
supports our experimental evaluation of IAR’s influence on
atmospheric parameter accuracy and the comparative perfor-
mance of UCPPP and A-PADD.

II. IONOSPHERIC AND TROPOSPHERIC
DELAYS ESTIMATION

A. GNSS Raw Observation Equations

The phase and pseudorange observations of GNSS are the
fundamental data for this study, so the UD and uncombined
GNSS observations are first introduced. We assume that at
epoch i, receiver r = 1,...,n simultaneously tracks the
satellite s = 1,...,m at the j = 1,..., f frequency. The
expression can be written as follows [41]:

E(8p},6)) = pG) +m3G) - () + diy i) — dr* ()

+ (@) +dpj —d

E(A83,6)) = 0 () +my@) - 1) + i) — dr* ()
_Mjli(i)+5r,j_Sfj‘i‘)tjz;i’j (1

where E(-) represents the mathematical expectation opera-
tor and Ap:’ j(i) and Ag¢; j(i) denote the code and phase
observations minus the computed values (O—C), respectively.
The empirical tropospheric dry delay, phase wrapping effect,
tidal effect, and satellite and receiver antenna phase center
offset (PCO) and phase center variation (PCV) are cor-
rected in the above observations, i.e., the observations are
reduced from these errors. The parameter p}(i) = g5 (i) -
Ax, (i) represents the geometric distance correction term in
the station-to-satellite line-of-sight direction. In this context,
g (i) is a 1 x 3 vector representing the unit vector in the
satellite-receiver line-of-sight direction; Ax,(i)isa3 x 1 vec-
tor representing the increments of position; mf(i) is the
tropospheric mapping function; 7,(i) denotes the unknown
tropospheric wet delay parameter; dt,.(i) and dt® (i) represent
the receiver clock bias and satellite clock bias, respectively;
13(i) is the ionospheric slant delay, with its corresponding



CHEN et al.: ARRAY-AIDED GNSS FOR PRECISE DETERMINATION OF IONOSPHERIC AND TROPOSPHERIC DELAYS WITH IAR

5801514

TABLE I
UNKNOWN PARAMETERS AND THEIR ESTIMABLE FORMS IN THE UNCOMBINED PPP MODEL

Parameter

Notation and interpretation

S-basis parameters

rj2ur.j?

d;) = dtr + dr,[F

]: :]j +dr,GF _d,SGF

Receiver clock bias
Ionospheric delay
Satellite code biases

PPP float ambiguity

5:,,/' = 55/ - d,SIF + :ujd,SGF - ljzj,j - 5r,j + dr,IF - /ujdr,GF’

s s
d,;,o, dr,[F7Zr,/’dr.GF7d,GF

d~:/ = dv/ _d,SIF _Iujd,SGF‘ _dr,j + dr,IF + lujdr,GF’ Jj=3

j>1

frequency-dependent coefficient defined as u; = (A% /A%);
Aj = c/f; represents the wavelength; ¢ represents the speed
of light; the receiver code bias and phase bias are defined as
dy; and &, ;, respectively; the satellite code bias and phase
bias are defined as dj and 8;, respectively; and the ambiguity,
in cycles, is defined as z; i

B. Uncombined PPP Model

Due to the coupling of parameters, the design matrix in (1)
is rank-deficient. This implies that not all unknown parameters
in (1) can be estimated without biases, and only certain combi-
nations of parameters can be accurately estimated [42], [43].
Here, we apply the S-basis theory, selecting a number of
parameters equal to the rank deficiency as the S-basis, repro-
cessing the parameters to obtain their linearly estimable
forms, and ultimately forming a full-rank design matrix [44].
To realize monitoring of the ionosphere and troposphere,
their parameters must be present after eliminating the rank
deficiencies, and hence, the uncombined PPP form is the only
choice. By introducing IGS precise satellite orbit and clock
products and eliminating the rank deficiencies, the full-rank
uncombined PPP model can be expressed as [45]

E(ap;0)

= P @) +my (@) - T () + diy () + p ) — d
E(ad;; ()

= py () +miG) - 7 () + di-() — pBG6) =8, (2)
where the O—C observations A 13;“’ j(i ) = Api’ j(i) + dt* and
Ay ;) = A} (i) +di*, with di* = d1* + d’ representing
the introduced IGS precise satellite clock products. The tilde
symbol (7) denotes the reprocessed estimable form. Table I
shows the estimable forms and definitions of each parameter.
The geometry-free combination (-) gr and the ionosphere-free
combination (-) ¢ are defined as follows [46]:

()1

Oep=——"—"(2———
W2 — 1 M2 — [

] 1
Owr=—""—0D2——
m2 — pH1 Mm2 — K1

where (-) j=1,2 denotes the corresponding frequency.
Using the model provided in (2) and Table I, the ionospheric
observations can be easily determined and used as input for

1 3)
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Fig. 1. Global distribution of colocated reference stations in IGS network
(i.e., equipped with two or more receivers located a few meters to hundreds
of meters apart).

ionospheric models such as the GIM, after correctly processing
differential code biases (DCBs) [37]. Additionally, the tropo-
spheric wet delay can be extracted for use in water vapor
monitoring.

C. Array-Aided Precise Atmospheric Delays Determination
(A-PADD)

As shown in Table I, the final form of the UCPPP ambiguity
remains a float solution. This limitation prevents the effective
use of the integer nature of DD ambiguity, which could
otherwise improve the estimation of other parameters.

For the construction and maintenance of CORS, some
stations are typically equipped with two or more receivers and
antennas. Fig. 1 shows the distribution of colocated receivers
in the IGS network. As of July 2024, colocated reference
stations account for 22% of the total number of reference
stations, with a relatively uniform global distribution. Under
the hardware configuration, the concept of array-aided GNSS
can be applied, which can enhance the estimability of GNSS
parameters, such as position, attitude, and clock bias. The
traditional array-aided GNSS model, based on SCE method,
can be expressed as follows:

E (Aﬁ‘{,j(i)) = p}() — dI* (i) + T (D) — df
E (AqSi‘J(i)) = p}(D) — dP* (D) — T 0) — 33,
E(A,()) = p3(0) = d*G) + diia@) + m3 (D) - 112(0)
+dir (i) + i} ()
+ pjdio,Gr — c?‘f’j +dia
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TABLE I
SCF MODEL UNKNOWN PARAMETERS AND THEIR ESTIMABLE FORMS

Parameter Notation and interpretation
S-basis 38 s
1,j° é‘l j2<12,j

parameters A
Between- _
receiv?r d]2,j = d2,j _dl,j _dIZ,IF _ludeZ,GF’ Jj=3
code bias
B - s 1

etween 512,/' - 52,,' _51,; _dlz,lF +:ujd12,GF +/1jN]2,j
receiver .
phase bias J=z1
DD s _ _s 1 .
Ambiguity Zy,; =Zn, "I, S22l j21

m - Satellites

/ Almost same
/ atmospheric
delays

Micro network

n - Receivers

Fig. 2. Principle of A-PADD.

E (A3 ,()) = p3(0) = di* () + diia(i) +m5 (D) - 71200)
+dir (i) — i1 ()

— ujdin,Gr — 8] ; + 12, + ij%E,j 4
where di*(i) = dr*(i) — dn (i) + d’p — dap — mi()T1 (),
diip(i) = dt12(i)+d12,1F, T12 = T1—T2, and the other estimable
forms are presented in Table II.

As shown in (4), the estimated satellite clock bias absorbs
tropospheric delays, thereby preventing the direct estimation of
ZTD at a single station. To further improve the performance
of atmospheric delay determination in both ionosphere and
troposphere, we incorporate external satellite clock products
into the array-aided GNSS framework and use the SCF model
to enhance robustness. Fig. 2 illustrates the principle of
A-PADD. In a micronetwork with ultrashort baselines (or zero
baselines) between receivers, the satellite signal propagation
paths are nearly identical, resulting in very similar atmo-
spheric conditions. As a result, the functional model can
be improved concerning three key aspects: first, by using

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 63, 2025

the nearly identical atmospheric conditions to estimate uni-
fied parameters and increase redundant observations, thereby
strengthening the model; second, by incorporating precise
satellite orbits and clock products, which enable the direct
estimation of ionospheric and tropospheric delays at single
stations; and third, by utilizing the short baselines to facilitate
IAR at the colocated stations, enabling rapid IAR, leading to
high-precision atmospheric delay determination.

Starting from (2), assume that atmospheric delays are
extracted from two stations 1 and 2 (with Station 1 as the
reference station) in a micronetwork. The satellite code biases
d:‘j — dp — pnjd'ge and phase biases Sfj — dp — 1jd'Gr
are identical at both stations. By using precise satellite clock
products, the influence of satellite bias parameters can be
eliminated. Furthermore, selecting common parameters as the
S-basis allows DD ambiguity parameters with integer char-
acteristics to be obtained, which can be directly used for
IAR. This model is referred to as the SCF model and can
be expressed as follows [39]:

E(ap,;0)

= p} (i) +mi(@) - 71 () + di () + T ) — df
E(adi,0)

= P} () +mi@) - 11 () +dii () — uT @) = 8}
E (Aﬁij(z‘))

= p3(0) +m5(i) - 12 (i) + dia (i) + 5 G) — df ; +dia,j
E (ad3,0)

= p3(i) + m5) - 12(i) + dia (i) — B — 8 ;

+ 812, + )»A,'z{‘z',j (5

where the estimable forms of the newly introduced parameters
are shown in Table II.

In practice, the distance between antenna arrays in A-PADD
is typically less than 10 km, resulting in very similar iono-
spheric delays, where i, = ] — 5 = 0 [47]. According
to Table I, ij‘ I{ + diGr — dfGF, and therefore, I~2Y
I { + di12,Gr. In summary, the A-PADD model, which utilizes
precise clock products and achieves IAR, can be expressed as
follows:

E (A5 ,6)) = p1G) +mi ) - 1) + dir ()
+ uyB ) —dj
E (A¢] ;) = pi() +miG) 7)) +di @)

— wif@) =8
= p3 () + m3(i) - 11 (D) + dia (i) 4 ;75 (0)
+ wjdi2,GF — czf,j +din,j
E(AgS () = p5G) +m5@) - 11() + dia (i) — T3 ()
— wjdinGe — 8 ;j + 81 +Ajz15 ;. (6)

(ad1,0)
E(ap3,0)
(ad3,0)

Based on (6), the expression for a single receiver pair
tracking a single satellite pair can be extended to a multivariate
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form. Let us define that receiver r observes m satellites
on all frequencies, the phase observation vector can be
expressed as <I>,S = [<I>fj,...,<l>i;]T € R/™ where
<I>VSJ = [Aqbrl‘j, e, Aq&;’fj]T € R™. For a micronetwork array
composed of n receivers, the phase observation matrix can
be defined as ®5 = [®7,..., @517 € R/™" and the
code observation matrix can be defined as its counterpart.
The full-rank multivariate observation equation corresponding
to (6) can then be expressed as

E(Pi) =[er ® In] py + [ef®m§] QTR
+[ny® Im]ils + [y ®em]‘~llR,GF
+[E; ®em]31R —[Ef ®Im]¢~1fe,{

£(03) =[er @ Lu] o +[e omT] @ 7
- [”f ® Im]zf - [Mf ® enm] diRr.GF
+[A®I,)ay (7)

where the f-vector ey contains all elements equal to “one”
and I, is an m-vector identity matrix. The matrix Ef is
a f x (f —2) matrix formed by removing the first two
columns of the identity matrix I,,. The wavelength matrix
is A = diag(Ay,---Ay) € R/*f. ® denotes the Kronecker
product. The m x n geometric distance correction term pf? =
GAxpg + e,dtr, where G is the geometric matrix com-
posed of unit vectors in the satellite-receiver line-of-sight
direction, Ax g is the position increment vector, and dtg =
[dt1,...,dt,] € RIx» represents the receivers’ clock bias
parameters. In a micronetwork where the stations are very
close, the unit vectors in the line-of-sight direction of each
receiver for the same satellite are almost parallel, making
the tropospheric delay mapping function almost the same,
ie, m = m‘i(r =1,---n). Thus, the m x 1 tropospheric
mapping function vector m> = [m{, e m’l”]T and the cor-
responding 1 x n tropospheric wet delay parameters vector

[t1,...,7,] can be obtained. The f-vector Ry is
composed of p;, linking the ionospheric delays to the obser-

TR =

vations. d 1« and d 1 are the code bias correlation matrices,
~ ~ ~ ~S
where di, = [O,dlz,’j, e, dln,,j](j =1,...,f)andd =
T

[}, &} 17(S=1,..., m), which only exist when f >3,
The ambiguity vector is denoted as afe, with its specific
expression shown in the following equation following, where
85 =185, ....85 17 and 81z = [0,812,j. ... 81n,]:

af=zlf — A (8] ) + A" [ @en] b1

1 1
A~ =diag | —,..., —|. 8
lagbl )\.f:| 3)

The variance—covariance matrix of the observations can be
expressed as

Q<p§q>§ =Cr®Cy ®Cy
OQprpr =Cr®CP®C; €))

where Q represents the variance—covariance matrix; Cr €
R™ " is a diagonal matrix, representing the receiver-dependent
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coefficients, which is an identity matrix when the observation
precision of the receivers is the same; Cy /P € R/ is the
precision matrix for phase and code observations; and C; €
R™™ is the satellite elevation-dependent matrix, with the
specific expression given in the following equation, in which
E*’ is the elevation angle of satellite s:

- 2
cf OP/p.1
Cgr= » Cpjp=
2 2
| Cn Opip, f
®
Cs= R e . (10)
5 sin“ (E*)
L Cm

III. CD AND IMPACT OF IAR ON
ATMOSPHERIC PARAMETERS

A. Canonical Decomposition

In (5) and (6), UD and uncombined raw observations are
utilized. However, as shown in Table II, the final estimated
form of the ambiguity is expressed as DD ambiguities. To bet-
ter investigate the impact of IAR on atmospheric parameters,
the UD model should be decomposed into four uncorrelated
blocks: average UD, satellite- and receiver-average SD, and
the DD, using a process called CD. This decomposition,
originally introduced in [48] and [49], provides a systematic
method for separating these components to facilitate better
parameter interpretation, as illustrated in (11). The nfm x nfm
multivariate canonical differencing transformation matrix can
thus be expressed in the following equation:

OF Ol
Teo Op=| o . |€ (11)
OF  Off
e’ Ir®e)
Tcp = ® . (12)
DI 17 ® D},
—— —_—
Receiver Satellite
transformation transformation
part part

In (12), the left-hand side of the symbol ® represents the
transformation matrix related to the receiver components, with
the subscript n indicating station-related terms. The right-hand
side of the symbol ® represents the transformation matrix
concerning the satellite components, with the subscript m
indicating satellite-related terms. D, € R*™®=1 and D,, €
R™*(m=1) are the between-station and between-satellite differ-
encing matrices, respectively, with the first station or the first
satellite serving as the datum. e and e}, are the orthogonal
vectors of DI and DI, respectively, i.e., DI'e} = 0 and

m>
DT et =0, where ;" and e, are expressed as

m=m
el cy! elcy!
+ _ _n*™R + _ m=S
ef = 1R b mZS (13)
Tc-le eTCle
€y R ®n m>—S *m

B. Impact of IAR on Atmospheric Parameters

In contrast to [48], the use of SCE model is restricted to
obtaining only ionospheric slant delays and cannot directly



5801514 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 63, 2025
N T
Double R (7°)=(o) -2 !
difference Eq. | f. (ﬁ}g):(m“)‘ (p,l 7(g}')T.sz) |
________________ i
‘E
A
RS 1S
Zir g Zir
|
v
N M5
Le [T AT
s 5 15 5 s _ 5 18 5
o-r o B ER BB o-- [ B B R
¥ ¥ __
- o ~5 T ~ | ~15)!
P = e 7 = L)+ ()
Fig. 3. Improvements in atmospheric parameter estimation after fixing DD ambiguities.

estimate single-station ZTD. To overcome this limitation,
we extended the CD theory to the SCF model, enabling an
exploration of the impact of IAR on the estimation of both
ionospheric and tropospheric delays.

Based on the CD theory, any observation or parameter
can be expressed as a function of the UD, SD, and DD
blocks. Consequently, the ionospheric delay parameter can
be conveniently reformulated in the form presented in the
following equation:

ST SR

. s o5 a5 8
Float solution: i, +i; 41+,

)

Fixed solution: 7, =

s 5 58
T Gt Gy (14)
where the superscript (A) denotes the estimated float solution,
while the superscript (V) denotes the estimated fixed solution.
fjfs, ffr, and ?;i are functions of the between-satellite SD 75,
between-station SD Z‘i g» and DD Zi? components, respectively.
From the perspective of the estimable parameter forms and
the impact of IAR on the ionosphere, two conclusions can be
easily drawn. ~

1) Combining the expression I} = I + d,Ggr — dfGF for
UD ionospheric estimation in Table I and (14), it can
be seen that the UD ionospheric delay estimation is
biased with the satellites and receivers’ DCB parame-
ters. Additionally, the ionospheric slant delay in both
single-difference forms still contains DCB parameters,
which means that code observation data are required for
parameter estimation.
As shown in the decomposition expressions on the right
of Fig. 3, the precision gain from IAR for the iono-
spheric delay is obtained only from the DD component.
In the DD observation equation, after IAR, the DD ambi-
guity parameters with integer characteristics can move
to the left-hand side of the equation. This effectively
increases the observation precision by two orders of
magnitude, bringing it to the level of precision of phase
observations. Since the UD and SD components do not
benefit from IAR, the precision of these components
cannot be further improved.

5

2)

In the A-PADD model, stations are distributed within a
micronetwork, meaning that the ionospheric delays observed
by each station for the same satellite are nearly identical,
ie, 5, = 0, and furthermore, one can get i|* i,
Z{r = 0 [40], [47]. The decomposition of the ionospheric delay
thus changes to the form in (15). This implies that IAR will
not affect the estimation of ionospheric parameters. In this
case, the accuracy improvement of A-PADD over UCPPP
is attributed to the increase in redundant observations and
enhanced model strength. The improvements in atmospheric
parameter estimation after fixing DD ambiguities are illus-
trated in Fig. 3, which is based on the approach developed
in [48]

S5s s
+1 +1iz +0. (15)

The tropospheric delay is a nondispersive error and part of
the geometric term. Therefore, after fixing the DD ambigu-
ities, the expression for tropospheric delay can be rewritten,
as shown in Fig. 3. As depicted in the figure, the tropospheric
delay can be affected through the geometric distance correction
term in its DD form.

IV. EXPERIMENT RESULTS AND ANALYSIS

This section validates the proposed method. We begin by
describing the experimental setup, detailing the data collection
and processing strategies.

To evaluate the performance of atmospheric delay deter-
mination, we selected specific test stations within the IGS
network that meet the colocation criteria. We analyzed the
impact of IAR on the extracted atmospheric delays and com-
pared the performance of UCPPP and A-PADD in atmospheric
parameter determination.

A. GNSS Data Collection and Processing Strategies

Within the IGS network, 12 pairs of stations distributed
globally were selected for the experiment, as shown in Fig. 4.
To ensure consistency across the test stations, the dataset
for the experiment consisted solely of GPS dual-frequency
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Fig. 4. Location of the 12 pairs of stations selected from the IGS network
for the experiment.

code and phase observations. The observation period was on
DOY 092 of 2023, with a sampling interval of 30 s. The
main data processing strategies are shown in Table III. During
data processing, a Kalman filter was used as the parameter
estimator, with IAR achieved using the least-squares ambiguity
decorrelation adjustment (LAMBDA) method. A bootstrapped
success rate threshold of 99.99% was applied to fix the
ambiguities to integers. While the Kalman filter is a widely
adopted method in GNSS data processing, recent studies have
proposed factor graph optimization methods [50], which may
provide enhanced robustness for future research.

B. Impact of IAR on Atmospheric Delay Determination in
A-PADD Method

In Section III, the impact of IAR on ionospheric and tropo-
spheric parameters was presented analytically. In this section,
we will analyze the effects on these parameters before and
after IAR using a real GNSS dataset. The concept of the gain
number [51] is utilized to characterize changes in the accuracy
of the estimated parameters due to IAR. First, the expression
for the gain number is expressed as

V() = 1" 043l 14 1" (Qs: — Qw01
1T Q! 1" Q!

where x represents the vector of parameters to be estimated,
and the vector / with the value 1 at the positions corresponding
to the parameters of interest, while all other entries are 0.
Q;; and Qy; denote the variance—covariance matrices before
and after ambiguity fixing, respectively. The gain number y (/)
indicates how much the accuracy of the parameters of interest
improves after ambiguity fixing. From (16), we can also see
that the gain number is always greater than 1, indicating
that successfully fixing the ambiguity does not decrease the
accuracy.

Our motivation is to effectively utilize existing colocated
CORS station data to improve the performance of atmospheric
delay extraction through the A-PADD method, thereby demon-
strating its feasibility and effectiveness. Since most colocated
CORS stations are typically equipped with only two receivers,
we focus on a two-receiver array-aided setup to analyze
the atmospheric parameter extraction results of A-PADD and
compare them with those obtained using the UCPPP method.

(16)
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Fig. 6. Time series of the empirical gain number for tropospheric delay and
the number of satellites.

Taking the SUTM station as an example, the ionospheric
gain numbers and the variance ratio between UCPPP and
A-PADD were plotted. The parameter processing strategy,
consistent with that in Table III, treats the ionospheric param-
eters as white noise. The results are illustrated in Fig. 5.

In Fig. 5, the left vertical axis represents the gain num-
bers for ionospheric delay, with the red curve reflecting
the accuracy change in the ionospheric parameters before
and after achieving IAR for each satellite. The gain num-
bers consistently remain below 1.1 and are relatively stable,
indicating that the difference between the float and fixed
solutions is minimal, aligning with the theoretical results
derived in Section III. The right vertical axis represents the
post-variance ratio between UCPPP and A-PADD, with the
gray curve illustrating the accuracy comparison for each
satellite under the two methods. The initial large fluctuations
in the variance ratio can be attributed to the greater number
of redundant observations in A-PADD compared to UCPPP,
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TABLE III
PROCESSING STRATEGIES USED IN A-PADD AND UCPPP
Items Models/Strategies
Frequency GPSL1and L2
Estimator Kalman filter

Elevation cutoff angle
Weighting strategy

Orbit and satellite clock
Receiver clock

Slant ionospheric delays

Zenith Tropospheric delay

Phase ambiguities
Between-receiver DCBs

Between-satellite phase biases

7.5°

Elevation-dependent weighting
For raw data: Code: o, =0.3m Phase: o, =0.003m

Precise orbit & Precise satellite clock
Estimated as white noise

Estimated as white noise
Dry delay: provided by the UNB3m model [52]

Wet delay: estimated as random-walk, with noise (10™*m/ Js )
GMF is used for the mapping function [53]

Estimated as float constants for each arc, fixing ambiguities per epoch
Estimated as white noise

Estimated as white noise

PCO and PCV correction Corrected by .atx file
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Fig. 7. Ionospheric slant delay time series at SUTM under UCPPP processing on DOY 092. (a) Time series of ionospheric delay. (b) STD of ionospheric

delay.

resulting in a smaller and more stable initial variance. As the
phase-related parameters gradually converge, the post-variance
ratio between the two methods becomes stable. Fig. 5 also
shows that A-PADD provides a significant improvement in
the ionospheric extraction accuracy over UCPPP, particularly
in the initial stages. Additionally, for users primarily concerned
with ionospheric delay, it is possible to achieve a comparable
level of accuracy without IAR.

In addition to evaluating the impact of IAR on iono-
spheric parameters, we also assessed its effect on tropospheric
parameters. To better reflect the impact of ambiguity fixing
on tropospheric parameters, the parameter processing strategy

was slightly adjusted, where tropospheric parameters were
treated as white noise.

In Fig. 6, the left vertical axis represents the tropospheric
gain number, linked to the red curve in the figure. Initially, the
empirical gain number is relatively high, but it decreases as
the phase-related parameters converge over time, approach-
ing “1” when the float and fixed solutions for ambiguity
become nearly identical. Fig. 6 further demonstrates that
variations in the number of satellites have a direct impact
on the tropospheric gain number. Specifically, a decrease
in the number of satellites leads to fewer observations and
fixed ambiguities, lowering the gain number. This indicates
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a significant relationship between tropospheric gain numbers,
satellite counts, and ambiguity-fixing status. Overall, this
analysis highlights the effectiveness of implementing IAR
for users concerned with estimation of both ionospheric and
tropospheric delays, particularly during the initial stages of
tropospheric parameter estimation.

C. Comparison of lonospheric Delay Determination
Performance Between UCPPP and A-PADD

We analyzed the performance improvement of A-PADD
compared to UCPPP in determining the ionospheric delay,
using the SUTM station as an example. Figs. 7 and 8
illustrate the time series of ionospheric delay (left panels)
and the standard deviation (STD) of ionospheric delay (right
panels) at SUTM for UCPPP and A-PADD processing modes,
respectively.

The time series of the ionospheric delay reveals a clear
diurnal variation pattern. As sunlight duration and intensity
increase between local times 06:00 and 14:00, the electron
density in the ionosphere gradually rises, leading to an increase
in the ionospheric delay experienced by electromagnetic sig-
nals passing through the atmosphere. This delay peaks around
local time 14:00 to 16:00 before gradually decreasing. Despite
significant fluctuations in the ionospheric slant delay through-
out the day, the overall trend in the time series extracted by
both UCPPP and A-PADD remains consistent. This consis-
tency is attributed to the similar parameter estimation methods
employed in both processing modes, as the expression for
ionospheric delay is identical in both methods, as demonstrated
in (2)—(5). Essentially, A-PADD builds on the PPP framework
and enhances traditional PPP by increasing redundant observa-
tions through observation stacking and integrating parameters
in the parameter field, thereby strengthening the model.

However, diversity becomes apparent when examining
the details. The subplots in Figs. 7(a) and 8(a), which
zoom on the ionospheric delay time series between local
times 06:00 and 08:00, reveal that the ionospheric delay

22 2
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extracted by UCPPP exhibits significant fluctuations, while
the delay extracted by A-PADD is smoother and aligns more
closely with the short-term variability characteristics of the
ionosphere. These fluctuations typically occur as new satel-
lites rise. The increased redundant observations and enhanced
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Fig. 10. Error distribution and ECDF of dZTD errors between UCPPP and A-PADD.

model strength in A-PADD contribute to a more efficient and
accelerated initialization process for new satellites, resulting
in more stable initial estimates of ionospheric delay.
Moreover, the STD of ionospheric delay estimated for
UCPPP and A-PADD, as shown in Figs. 7(b) and 8(b), clearly
highlights a noticeable difference between the two methods.
With A-PADD, the initial STD of ionospheric delay decreases
from above 2 (in UCPPP) to below 1. After the convergence
of phase-related parameters, the STD in A-PADD remains at
a lower level, theoretically providing more stable and accurate
parameter inputs for ionospheric models such as GIM.

D. Comparison of Tropospheric Delay Determination
Performance Between UCPPP and A-PADD

Next, we analyzed the tropospheric delay extraction using
the 12 globally distributed station pairs. To evaluate the
accuracy of tropospheric delay extraction with UCPPP and
A-PADD, we selected the IGS final tropospheric product as a
reference, which is available at https://cddis.nasa.gov/archive/
gnss/products/troposphere/zpd/. The IGS associate analysis
centers produce precise tropospheric products based on
ground-based GNSS observations, utilizing IGS final orbit,
satellite clock, and Earth orientation parameter (EOP) prod-
ucts. These data include ZTD as well as the north—south and
east—west tropospheric gradient components, with a sampling
interval of 5 min. To ensure consistency in sampling and accu-
racy for the comparison, only the epochs in the 30-s resolution
results that coincided with the IGS final tropospheric product
were selected for comparison, thereby avoiding accuracy loss
due to interpolation.

Fig. 9 summarizes the tropospheric delay extraction results
for the 12 globally distributed colocated stations. In Fig. 9,
the vertical axis represents the rms of the difference in
ZTD (dZTD) between the results obtained from A-PADD or
UCPPP and the IGS final tropospheric product, with units
in millimeters. The gray histogram represents the results
from the A-PADD processing, while the red histogram rep-
resents the results from the UCPPP processing. As illustrated
in Fig. 9, the rms of dZTD at each station decreases to some

extent when using the A-PADD processing method, indicating
better consistency with the IGS final tropospheric product
and improved accuracy in tropospheric delay extraction. The
differences in rms and accuracy improvement across stations
may be attributed to various factors, including station location,
observation quality, water vapor content, and the degree of
atmospheric variability. Fig. 9 also demonstrates a 23% overall
improvement in ZTD extraction with A-PADD.

To further evaluate the specific performance of both meth-
ods in terms of the distribution of ZTD errors, Fig. 10 presents
the error distribution and empirical cumulative distribution
function (ECDF) of dZTD errors for the UCPPP and A-PADD.
Fig. 10(a) shows the dZTD error distribution for the UCPPP
method, with an STD of 8.3 mm; Fig. 10(b) shows the dZTD
error distribution for the A-PADD method, with an STD
of 6.4 mm. The histograms represent the frequency distri-
bution of errors, the red line indicates the normal fit curve,
and the gray line represents the ECDF. In typical parameter
estimation strategies, the ZTD parameter is often modeled
as a random walk process. If there are no unmodeled errors
are present and the associated noise is white noise, the ZTD
error distribution should then follow a Gaussian distribution.
As shown in Fig. 10, the error distribution of the ZTD for
the A-PADD method is more concentrated with a mean close
to zero and is closer to a normal distribution, indicating
superior consistency with the IGS final products. In contrast,
the UCPPP method shows a more spread error distribution
and a larger STD, indicating greater error fluctuations and
relatively lower stability. Comparing the ECDF of the two
methods highlights the advantage of A-PADD in terms of
cumulative error probability. The ECDF curve for the A-PADD
method is steeper, indicating that most errors are concentrated
within a smaller range, while the ECDF curve for the UCPPP
method is flatter, showing a wider error range.

To evaluate the specific performance improvements of the
A-PADD and UCPPP methods at different GNSS stations
more comprehensively, Fig. 11 presents the tropospheric delay
error distribution and its rms for the 12 test GNSS stations.
In Fig. 11, the red lines and text represent the error distribution
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and rms of A-PADD, while the gray lines and text represent
those of UCPPP. A comparison clearly shows that A-PADD
exhibits a mean closer to zero and more concentrated errors
at each station, indicating better performance at all stations.
Additionally, taking the SUTM station as an example,
we analyzed the initialization behavior of A-PADD and
UCPPP in tropospheric delay extraction. Fig. 12 shows the
time series of STD of tropospheric delay and a comparison
of the first CVT between the A-PADD and UCPPP methods.

During data processing, reinitialization was performed
every 4 h, and the convergence criterion for tropospheric delay
was defined as the time at which the difference between the
estimated ZTD and the tropospheric product at the same epoch
remains continuously less than 1 cm.

In Fig. 12, the red line represents the STD of tropospheric
delay extraction using the A-PADD method, while the gray
line represents the STD using the UCPPP method. During
each initialization, the STD of the A-PADD method quickly
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decreases and remains at a lower level, significantly below
that of the UCPPP method, indicating superior performance in
tropospheric delay estimation. After convergence, the variance
trends of both the A-PADD and UCPPP methods are similar.
The red bars in Fig. 12 represent the first CVT of the A-PADD
method, while the gray bars represent the first CVT of the
UCPPP method. The CVT of the A-PADD method is gen-
erally shorter than that of the UCPPP method, indicating that
A-PADD can reach a stable state more quickly, providing more
timely tropospheric delay estimation results. This analysis
of STD and CVT shows that the A-PADD method offers
higher accuracy and faster convergence in tropospheric delay
estimation, making it capable of providing more precise and
reliable tropospheric delay estimates in practical applications.

V. CONCLUSION

Ground-based GNSS observations are crucial for obtaining
high-resolution ionospheric and tropospheric data, making
them essential for space weather monitoring. Their high
temporal and spatial resolution have led to extensive appli-
cations across various scientific disciplines. Nevertheless,
the commonly used single-station PPP technique suffers
from accuracy limitations due to excessive parameter esti-
mation, external interference, and float ambiguities solution.
Array-aided GNSS provides a potential solution to these
challenges. Unlike traditional array-aided models that use
the SCE model, which cannot directly provide single-station
ZTD, this study introduces the SCF model in an array-aided
setup scenario. This approach simultaneously estimates iono-
spheric and tropospheric delays with IAR from colocated
GNSS stations, utilizing the spatial distribution characteristics
of atmospheric delays. By reprocessing the ionospheric and
tropospheric delays along with ambiguity parameters and
increasing redundant observations, the model’s robustness is
enhanced, observational noise is reduced, and rapid IAR is
achieved.

We further extended the CD theory from the SCE model to
the SCF model to partition atmospheric parameters and con-
ducted a theoretical analysis of the impact of IAR. Fixing DD
ambiguities primarily enhances the DD components following
the CD theory. For the frequency-dependent ionospheric delay,
the benefit from a fixed solution is determined by the magni-
tude of the DD ionospheric delay. Given the short distances
between colocated reference stations, the DD ionospheric
delay is nearly zero, making the impact of IAR on ionospheric
delay negligible. Experimental results support this theory.
In contrast, for the tropospheric delay, a geometric term, IAR
does yield some improvement. However, due to the proximity
of the stations, the ambiguity parameters tend to converge
to near-integer values over time, allowing accuracy levels
similar to those of the fixed solution. Consequently, the gain in
tropospheric delay diminishes as the filtering time increases.

We tested 12 pairs of IGS colocated stations and compared
the extracted atmospheric delays with those obtained using
the UCPPP method. In the comparison of atmospheric delay
extraction performance, the A-PADD method demonstrated
superior extraction accuracy and greater stability. The increase
in redundant observations enhances the model strength for
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parameter estimation, allowing the A-PADD method to accel-
erate the initialization process of new satellites, resulting in a
more rapid reduction in variance and lower STDs. Moreover,
A-PADD avoids the significant fluctuations in ionospheric
delay extraction that occur during the early rise of new
satellites in the UCPPP method. For the tropospheric delay
extraction, A-PADD improves the extraction accuracy by 23%
compared to UCPPP. Regarding error distribution characteris-
tics, the errors in the A-PADD method are more concentrated,
with a mean close to zero and a distribution that more closely
follows a normal distribution, indicating better consistency
with the IGS final products in ZTD.

In summary, IAR does not provide significant gains in
ionospheric delay estimation with in an array-aided GNSS
setup. For applications solely interested in the ionospheric
delay, it is possible to achieve accuracy similar to the
fixed solution without ambiguity fixing, thereby reducing the
required computational load. However, for users interested
in both ionospheric and tropospheric delays, IAR provides
some gains during the initialization stage of tropospheric
delay estimation, making it the preferable method. In this
study, we used postprocessing products released by IGS.
In future research, we will further investigate array-aided pre-
cise ionospheric and tropospheric delay determination methods
using precise products from satellite-based augmentation sys-
tems, such as BDS PPP-B2b, Galileo HAS, and QZSS
MADOCA [54], [55], [56], [57].
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