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Introduction

The rapid global urbanization has significantly increased 
the demand for precise geospatial data, thereby necessitat-
ing advancements in positioning technologies. Real-Time 
Kinematic (RTK) positioning has emerged as a crucial 
technology in this field, offering the potential for centi-
meter-level accuracy that is essential for numerous urban 
applications (Li et al. 2021a, b, 2023), such as intelligent 
transportation systems. RTK employs differential correc-
tion techniques to mitigate the majority of systematic errors 
in Global Navigation Satellite Systems (GNSS) measure-
ments, facilitating the resolution of integer ambiguity (Ng 
and Hsu 2021; Cheng at al. 2023). Integer ambiguity refers 
to the exact number of full wavelengths of the carrier signal, 
which must be accurately resolved to achieve high-preci-
sion positioning. However, resolving integer ambiguities 
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Abstract
The demand for high-precision real-time positioning is critical for applications such as autonomous vehicles, urban plan-
ning, and location-based services. Real-time kinematic (RTK) can provide centimeter-level positioning services and is 
widely used. However, the traditional intra-system double-difference model in RTK requires sacrificing one reference 
satellite per constellation, leading to insufficient satellite pairs for ambiguity resolution in challenging environments. To 
address this issue, we propose a single-difference triple-carrier ambiguity resolution (TCAR) algorithm. This algorithm 
estimates relative measurement biases in advance, and these biases require re-estimation whenever the receiver is replaced 
or restarted. These estiamted biases are then used to correct real-time GNSS measurements, enabling instantaneous single-
difference TCAR. Random sampling consensus (RANSAC) is employed to detect and exclude satellites with incorrectly 
fixed ambiguities before positioning. To validate the effectiveness of the proposed algorithm, both static and vehicular 
experiments were conducted in challenging urban environments. In the static experiment, the results demonstrate that the 
positional availability of the proposed algorithm (92.1%) is significantly higher than that of the two comparative algo-
rithms, which achieved 68.3% and 54.5%, respectively. The positioning accuracies of the three algorithms are comparable, 
with 3D Root Mean Square Errors (RMSEs) of 5.03 cm, 4.41 cm, and 5.43 cm. In the vehicular experiment, the proposed 
algorithm achieved nearly 100% positional availability in typical urban areas, with an RMSE of 5.28 cm, outperforming 
the two comparative algorithms, with availabilities of 94.7% and 78.2%, and 3D RMSEs of 6.33 cm and 3.64 cm. These 
results highlight the ability of the proposed algorithm to provide continuous, reliable and precise real-time positioning in 
challenging urban environments.
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becomes challenging in urban environments due to dense 
infrastructure that can interfere with GNSS signal reception. 
The adverse effects on GNSS signals in urban areas can be 
categorized as follows: (1) increased errors resulting from 
multipath effects, Non-Line-Of-Sight (NLOS) conditions, 
and electromagnetic interference, and (2) a reduced number 
of visible satellites due to signal obstruction and attenuation.

Recently, many techniques have been used to mitigate 
the larger errors of GNSS measurements for high-precision 
positioning. These strategies mainly focus on three different 
types for the NLOS/multipath mitigation. The first type is 
based on the special designed antenna, such as chock-ring 
antenna (Tranquilla et al. 1994), dual-polarisation antenna 
(Jiang and Groves 2014; Sun et al. 2021), and antenna array 
(Daneshmand et al. 2013; Vagle et al. 2016). The second 
type is based on the signal processing in a receiver, for 
example, narrow corrector (Van Dierendonck et al. 1992) 
and multipath estimating delay lock loop (Van Nee et al. 
1994). The last type is based on the evaluation of GNSS raw 
observations, such as carrier-to-noise ratio (C/N0) (Groves 
and Jiang 2013) and elevation angle (Heng et al. 2014; Dyu-
kov 2016; Malicorne et al. 2002). Consistency check among 
GNSS measurements can also be used for the fault detection 
and exclusion (FDE) of satellites (Groves and Jiang 2013).

In our previous work, we demonstrated that consistency 
check using GNSS three-frequency measurements hold sig-
nificant promise for enhancing the availability of high-pre-
cision positioning services in urban environments (Cheng et 
al. 2024). In that approach, ambiguities are initially resolved 
using a Triple-Carrier Ambiguity Resolution (TCAR) 
method, followed by detection and selection through tai-
lored RANdom SAmple Consensus (RANSAC). This pro-
cess markedly improves positional availability compared 
to traditional methods, without compromising positioning 
accuracy. This advantage arises from the use of a geometry-
free model, where integer ambiguities are determined solely 
by the observations of the corresponding satellite-pair. Con-
sequently, large errors in the measurements from satellite A 
(non-reference satellite) do not affect the ambiguity resolu-
tion for satellite B, a limitation inherent in geometry-based 
models. While excluding satellites with incorrectly fixed 
ambiguities can maintain positioning accuracy, it exacer-
bates the issue of insufficient satellites, thereby constraining 
further improvements in positional availability.

Utilizing multiple satellite constellations is an effec-
tive strategy to increase the number of available satellites 
for positioning. However, in the traditional intra-system 
double-difference model, also known as loose integration, 
this advantage is diminished because each constellation 
requires a reference satellite (Yang et al. 2020; Geng et al. 
2019). These reference satellites are essentially sacrificed to 
eliminate common errors, such as receiver clock offsets and 

hardware delays. Since current receivers can only ensure 
that these common errors are consistent within the same 
measurement, for example GPS L1 pseudorange, the intra-
system double-difference model is widely employed. To 
address this limitation, numerous researchers have investi-
gated the stability of biases across different measurements, 
especially measurements from different systems (Odijk et 
al. 2012; Odijk and Teunissen 2013; Paziewski and Wiel-
gosz 2015; Paziewski et al. 2015; Li et al. 2018; Gao et al. 
2018). Their findings indicate that the measurement biases 
of certain receivers are stable and can be considered con-
stant over short time periods, such as a single day. Building 
on this insight, an inter-system double-difference model, 
also known as tight integration, has been investigated, using 
overlapping frequencies (Chen et al. 2022). For instance, 
GPS L1, QZSS L1, Galileo E1, and BDS3 B1C share the 
same frequency of 1575.42 MHz. In this new model, biases 
are first estimated and corrected, after which a single ref-
erence satellite is selected for all satellites across different 
constellations. This approach significantly enhances the 
strength of model, particularly in urban environments (Chen 
et al. 2019; Li et al. 2021a, b).

However, the limited frequency overlap among different 
satellite systems restricts the use of this model. Consequently, 
there has been increased focus on the tight integration of 
non-overlapping frequencies (Zhao et al. 2023). Due to the 
different wavelengths of these non-overlapping frequen-
cies, the inter-system double-difference ambiguity is not 
an integer. Strategies have been developed to address this 
issue (Gao et al. 2018; Zhao et al. 2023). A critical factor 
is the single-difference ambiguity of the selected reference 
satellite. If the ambiguity is unknown, the strength of the 
inter-system model will be weakened. The single-difference 
ambiguity of the reference satellite is typically absorbed into 
the estimated biases (Gao et al. 2021; Zhao et al. 2023). This 
implies that when cycle slips occur or the reference satellite 
changes, the estimated biases between different measure-
ments should be re-estimated, or a new ambiguity of the ref-
erence satellite needs to be resolved (Gao et al. 2021; Shang 
et al. 2020). The complexity of urban environments may 
negatively impact the performance of inter-system double-
difference model, particularly for single-epoch positioning. 
In fact, the model strength of inter-system is enhanced by 
reducing the numbers of receiver clock errors. In the inter-
system double-difference model, the receiver clock errors of 
different systems are equal after bias calibration. Neverthe-
less, the pseudorange-carrier and multi-frequency (within a 
constellation) biases are ignored in the inter-system double-
difference model. This means that the model strength can 
be further enhanced using the between-receiver single-dif-
ference model by calibrating the pseudorange-carrier and 
multi-frequency (within a constellation) biases. Recently, 
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most related research has focused on geometry-based ambi-
guity resolution (Mi et al. 2021; Shang et al. 2020). The 
single-difference geometry-free model for ambiguity reso-
lution warrants more attentions, especially as more frequen-
cies become available across different constellations.

In this paper, we propose an instantaneous RANSAC-
based single-difference TCAR algorithm. The initial step of 
this algorithm involves estimating the biases present among 
different measurements. These biases should be corrected 
before resolving ambiguities. The primary objectives of 
this correction process are twofold: first, to ensure that the 
single-difference receiver clock errors of all measurements, 
including pseudorange and carrier phase of different constel-
lations (frequencies), are consistent, and second, to preserve 
the integer nature of all carrier phase ambiguities. Follow-
ing these preparatory steps, the TCAR can be applied to 
resolve the ambiguities for single-difference measurements 
of each satellite. The RANSAC algorithm is employed to 
detect and exclude satellites with incorrectly resolved ambi-
guities before proceeding with positioning. The proposed 
algorithm can work in real-time, which can provide posi-
tioning services in challenging urban environments.

Methodology

The framework of the proposed RANSAC-based single-dif-
ference TCAR is illustrated in Fig. 1. In this algorithm, mea-
surement biases are estimated during the initialization phase. 
Then, these estimated biases are used to correct the received 
single-difference measurements in real-time. Following 

these corrections, the single-difference ambiguity of the 
extra-wide-lane (EWL) is initially resolved using pseudor-
anges. Subsequently, the ambiguities of the wide-lane (WL) 
and original frequencies are resolved sequentially. Once the 
original ambiguities of all observed satellites are fixed, the 
RANSAC algorithm is used to exclude satellites with incor-
rectly fixed ambiguities (outliers). If the number of remain-
ing satellites (inliers) exceeds a threshold (explain later), 
the positioning process proceeds. Otherwise, high-precision 
positioning cannot be achieved at this epoch. Further details 
are provided in the subsequent sections.

Bias Estimation

Since only a short baseline is considered in this paper, most 
systematic errors, such as satellite orbit and clock errors, as 
well as atmospheric errors, including ionospheric and tro-
pospheric delays, can be effectively mitigated and ignored 
through the between-receiver single-difference techniques. 
The single-difference pseudorange and carrier phase mea-
surements can be mathematically represented as follows:

P A
i = ρ A + c dtr + BIASA

Pi
+ ε A

i � (1)

LA
i = ρ A + c dtr + BIASA

Li
+ λ A

i NA
i + ϵA

i � (2)

where, the single-difference operator ∆  is omitted for brev-
ity; A denotes the constellation, and i signifies the frequency; 
The symbols P and L represent the pseudorange and car-
rier phase, respectively; The term ρ  refers to the geomet-
ric range after single-difference; The constant c represents 

Fig. 1  Framework of the proposed single-difference triple-carrier ambiguity resolution
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For measurements from the same constellation, the geo-
metric range difference 

(
ρ A − ρ G

)
 can be ignored due 

to the identical signal propagation path. For measurements 
from different constellations, if the precise coordinates of 
both receivers are known, the geometric range difference (

ρ A − ρ G
)
 can be calculated and subsequently removed. 

Even though obtaining precise coordinates for the reference 
station is not difficult, determining them for the rover sta-
tion presents a challenge. In this case, the coordinates of 
the rover station can be estimated using the traditional intra-
system double-difference algorithm in relative open areas. 
As a result, the relative biases estimation can be transformed 
into:

BIASA
Pi

− BIASG
L1

− λG
1 NG

1 = (P A
i − LG

1 ) − (εA
i −G

1 )� (8)

BIASA
Li

+ λ A
i NA

i − BIASG
L1

− λ G
1 NG

1 =
(
LA

i − LG
1

)
− (ϵA

i − ϵG
1 )� (9)

Here, the designed relative measurement biases can be esti-
mated within a single-epoch, if the precisie position of rover 
station is known. To enhance accuracy, the average value 
over a time series can be employed to smooth the noise pres-
ent in the pseudorange and carrier phase measurements. It 
worth noting that cycle slips should be detected and repaired 
during this smoothing process. The estimated relative biases 
can then be applied to correct the single-difference measure-
ments before the TCAR. It should be noted that an important 
limitation is that, for the majority of current receivers, these 
biases are only valid before a receiver restart. Consequently, 
when the receiver is replaced or restarted, re-estimation of 
these biases becomes necessary.

Bias correction and single-difference TCAR

Once the relative biases for each single-difference measure-
ment have been obtained, all subsequent measurements can 
be corrected, as these biases tend to remain relatively stable 
over time. Using GPS as an example, frequencies 1, 2, and 
3 correspond to L1, L2, and L5. the corrected single-differ-
ence three-frequency measurements are as follows:



LG
1 = r + λ G

1 NG
1 + ϵG

1∼
LG

2 = r + λ G
2 NG

2 + ϵG
2∼

LG
3 = r + λ G

3 NG
3 + ϵG

3∼
P G

1 = r + ϵ G
1∼

P G
2 = r + ϵ G

2∼
P G

3 = r + ϵ G
3

� (10)

with r = ρ G + c
∼
dtr; Here, these pseudorange and carrier 

phase measurements have been corrected by the estimated 

the speed of light in a vacuum; λ  denotes the wavelength 
of carrier phase, and N represents the integer ambiguity; ϵ  
and ϵ correspond to the random noise components of the 
pseudorange and carrier phase, respectively; dtr indicates 
the single-difference receiver clock offset; BIAS primarily 
arises from hardware delays, which may not be equal for 
different measurements.

In traditional algorithms, these hardware delays are com-
bined with the receiver clock offset to form mixed receiver 
clock errors. This is the reason why the receiver clock errors 
of different frequencies and constellations are estimated 
separately, since they are not equal. Isolating the absolute 
BIAS from the receiver clock error proves to be challenging 
and, in practice, unnecessary (Mi et al. 2021). We only need 
to estimate and correct the relative measurement biases 
to guarantee that (1) the single-difference receiver mixed 
clock errors of all measurements, including pseudorange 
and carrier phase of different constellations (frequencies), 
are consistent, and (2) the integer nature of all carrier phase 
ambiguities. To estimate these biases, present in different 
measurements, one type of measurement should be selected 
as the benchmark. The relative biases of other measure-
ments with respect to this benchmark must be estimated 
and subsequently applied for correction. It is essential that 
the benchmark measurement be the carrier phase in order to 
preserve the integer nature of the ambiguity. Assuming that 
GPS L1 carrier is chosen as the benchmark, the equation can 
be reorganized as follows:

LG
1 = ρ G + c

∼
dtr + ϵG

1 � (3)

where, 
∼
dtr is the new mixed receiver error, with 

c
∼
dtr = c dtr + BIASG

L1
+ λ G

1 NG
1 . Other measurements 

can be rewritten as:

P A
i = ρ A + c

∼
dtr + BIASA

Pi
− BIASG

L1
− λ G

1 NG
1 + ε A

i � (4)

LA
i = ρ A + c

∼
dtr + BIASA

Li
+ λ A

i NA
i − BIASG

L1
− λ G

1 NG
1 + ϵA

i � (5)

The corresponding relative biases for P A
i  and 

LA
i  are BIASA

Pi
− BIASG

L1
− λ G

1 NG
1  and 

BIASA
Li

+ λ A
i NA

i − BIASG
L1

− λ G
1 NG

1 , respectively. 
They can be obtained by subtracting Eq. (3) from Eqs. (4) 
and (5), respectively.

BIASA
Pi

− BIASG
1 − λG

1 NG
1

= (P A
i − LG

1 ) − (ρA − ρG) − (εA
i − εG

1 )
� (6)

BIASA
Li

+ λA
i NA

i − BIASG
L1

− λG
1 NG

1

=
(
LA

i − LG
1

)
−

(
ρA − ρG

)
− (∈A

i − ∈G
1 )

� (7)
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


I1 1
I2 1

...
In 1




n× 4

· ∆ X =




∼
r

1

∼
r

2

...
∼
r

n




n× 1

� (16)

where, Ii is the unit vector pointing from the approxi-
mate position of the rover station to i-th satellite. The term 

∆ X = (∆ x, ∆ y, ∆ z, c
∼
dtr), which includes the posi-

tional correction and the mixed receiver clock error, can be 

calculated using the least squares method. 
∼
r

i
 is obtained 

from Eq. (15) using three-frequency measurements of i-th 
satellite. The satellites in Eq. (16) may belong to different 
constellations, but only with one common receiver clock 
error. This can enhance the strength of the positioning 
model for multi-constellation, which is important in a chal-
lenging environment.

Random sample consensus (RANSAC) based satellite 
selection

It is not feasible to correctly resolve ambiguities for all 
satellites within a single-epoch. To ensure high-precision 
positioning, it is essential to identify and exclude incorrect 
ambiguities before the positioning process. The RANSAC 
algorithm can be employed to effectively accomplish this 
task (Cheng et al. 2024). RANSAC is an iterative method 
used for estimating the parameters of a mathematical model 
from a set of observed data that contains outliers. This algo-
rithm operates by repeatedly selecting a random subset 
of the data points, fitting a model to this subset, and then 
determining how many data points from the entire set fit this 
model within a predefined tolerance (Fischler and Bolles 
1981). The process is repeated until the stopping condition 
is met. The model with the highest consensus set, or the 
largest number of inliers, is considered the best estimate.

For brevity, let Gn× 4 =




I1 1
I2 1

...
In 1




n× 4

, 

Rn× 1 =




∼
r

1

∼
r

2

...
∼
r

n




n× 1

. In the RANSAC processing, sub-

sets are generated by randomly selecting satellites. Each 
subset should include four satellites to account for the four 
unknowns in the system. When there are n satellites avail-
able from different constellations, the number of possible 
subsets that can be generated is given by:

biases in the previous section. The NG
1 , NG

2  and NG
3  are 

integer ambiguity and unknown. It is important to note that 
in Eqs. (3) and (5) the integer ambiguities are absorbed by 
receiver clock error and biases. If no cycle slip occurs, the 
corrected carrier phase actually has no ambiguity, or in other 
words, the ambiguity is zero. However, this is true only for 
the satellites involved in the bias calculation, the satellite of 
each constellation with highest elevation angle in this paper; 
it does not apply to the satellites that are not involved. Due to 
the frequent cycle slip in the real-time, the ambiguities of all 
satellites are consider unknown, and needed to be resolved 
instantaneously. The average r, i.e. r1, can be expressed as:

r1 =

∼
P G

1 +
∼

P G
2 +

∼
P G

3
3

� (11)

The ambiguity of extra-wide-lane ( N(0, 1, −1)) can be cal-
culated as:

N(0, 1, −1) = round ((

∼
LG

2

λ G
2

−

∼
LG

3

λ G
3

) − ( r1

λ G
2

− r1

λ G
3

))� (12)

where, round () refers to the rounding function that 
rounds a number to the nearest integer. After the fixing of 
the N(0 1 −1), the value of a more accurate r, r2, can be 
updated as:

r2 = λ (0,1,−1) × (l(0,1,−1) − N(0,1,−1))� (13)

with λ (0,1,−1) = 1
λ G

2
− 1

λ G
3

, and l(0,1,−1) =
∼

LG
2

λ G
2

−
∼

LG
3

λ G
3

. 

Then the ambiguity of wide-lane ( N(1,−1, 0)) can be fixed 
with the aid of r2

N(1,−1, 0) = round ((

∼
LG

1

λ G
1

−

∼
LG

2

λ G
2

) − ( r2

λ G
1

− r2

λ G
2

))� (14)

With the fixed N(0, 1, −1) and N(1,−1, 0), equations can be 
summaried as:




N(1,−1,0) = NG
1 − NG

2
N(0,1,−1) = NG

2 − NG
3

LG
1 = r + λ G

1 NG
1 + ϵG

1∼
LG

2 = r + λ G
2 NG

2 + ϵG
2∼

LG
3 = r + λ G

3 NG
3 + ϵG

3

� (15)

Here, we have five equations and four unknows, and these 
ambiguities are integer. The integer least-suqares can be used 
to compute the final solution (∼

r, NG
1 , NG

2 , NG
3 ). When 

there n satellites whose ambiguities are fixed, we have:
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unknowns + three redundancies) are selected as the thresh-
olds to determine accepting this solution or not for the static 
and vehicular experiments respectively in this paper. If the 
number of satellites in the final inlier set exceeds the thresh-
old, the positioning corrections and mixed receiver clock 
error can be calculated as follows:

∆ Xinliers =
(
GT

inliersGinliers

)−1
GT

inliersRinliers� (22)

Static experiment

The static experiment was conducted in a GNSS challeng-
ing environment in Hong Kong, as illustrated in Fig.  2. 
The receiver was surrounded by walls, resulting in severe 
NLOS/multipath signal interference. Three-frequency data 
from Galileo and BDS2 were collected. Figure 3 presents 
the visible satellites and their elevation angles for each con-
stellation, with a cut-off angle of 10 degrees and a carrier-to-
noise density ratio (C/N0) threshold of 35 dB-Hz. For BDS, 
four satellites were consistently tracked almost throughout 
the experimental period, whereas the number of Galileo 
satellites ranged from one to four. The elevation angles 
for BDS satellites were approximately between 40 and 90 
degrees. In contrast, the elevation angles for Galileo satel-
lites were lower, ranging from 10 to 80 degrees, suggest-
ing that Galileo measurements might be more susceptible to 
severe NLOS/multipath interference. Detailed information 
about the experimental setup is provided in Table  1. The 
entire experiment lasted for one hour, with a sampling rate 
of 1 Hz. A short baseline of 3.9 km was employed, allowing 
atmospheric errors to be ignored in the subsequent ambigu-
ity resolution processing steps. The linear combinations of 
the EWL and WL are also included in Table 1.

Bias Estimation

Before the ambiguity resolution, the relative measurement 
biases should be analysed and estimated for further correc-
tion. Given that there is no obvious bias among satellites 
within a single constellation for each frequency, we select 
the satellite with the highest elevation angle from each con-
stellation for bias estimation. In this case, carrier phase of 
BDS B1 is used as the benchmark. Figure 4 illustrates the 
carrier phase biases between BDS B1 and other frequencies 
(BDS B2, B3, and Galileo E1, E6, E5b), respectively. The 
biases for BDS B2 and B3 (depicted in blue) remain stable 
throughout this experiment, with negligible changes in their 
mean values. The centimeter-level sinusoidal fluctuations 
indicate significant errors caused by non-negligible mul-
tipath effects. For biases between different constellations 
(BDS B1 and Galileo E1, E6, E5a, shown in orange), they 

C4
n = n · (n − 1) · (n − 2) · (n − 2)

4 · 3 · 2 · 1
� (17)

Each subset contains four satellites, and then the subset 
series are:

{ (1, 2, 3, 4) (1, 2, 3, 5) · · · (n − 3, n − 2, n − 1, n) }� (18)

For a satellite subset (i, j, k, l), the corresponding equations 
from Eq. (16) are:




Ii 1
Ij 1
Ik 1
Il 1




4× 4

· ∆ X =




∼
r

i

∼
r

j

∼
r

k

∼
r

l




4× 1

� (19)

Based on the least squares method, we have:

∆ X(i, j, k, l) =
(

GT
(i, j, k, l)G(i, j, k, l)

)−1
GT

(i, j, k, l)R(i, j, k, l)� (20)

Then, substituting ∆ X(i, j, k, l) into Eq.  (16) allows the 
residuals for all satellites to be obtained:

Vn× 1 = Rn× 1 − Gn× 4 · ∆ X(i, j, k, l)� (21)

where, Vn× 1 = [v1 v2 · · · vn]T  represents the residual 
vector corresponding to all tracked satellites. If the abso-
lute value of vm is less than a specified threshold (5  cm 
in this paper), the m-th satellite can be considered an 
inlier. This process is repeated until all subsets have been 
evaluated. The inlier set containing the largest number of 
satellites will be selected as the final result, which needs 
to be validated by a predetermined threshold, since more 
inliers in the final set indicate a more robust solution. 
Five (four unknowns + one redundancy) and seven (four 

Fig. 2  Static experimental environment
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Additionally, residual atmospheric errors further diminish 
this accuracy.

Theoretically, these biases should be estimated in open-
sky areas using an ultra-short baseline (several meters) 
or a common antenna, where estimations can achieve 

are relatively stable, though not as consistent as those within 
the same constellation. This discrepancy arises because 
bias estimation for measurements from different constel-
lations require the antenna position, and errors in antenna 
positioning reduce the accuracy of the estimated biases. 

Table 1  The details of the experimental setting in the static experiment
Reference station Antenna: TRM 59800.00; Receiver: Trimble NetR9
Rover station Antenna: Leica AS10; Receiver: SEPT POLARX5E
Baseline 3.9 km
Sampling duration 1 h
Sampling rate 1 Hz
Constellation f1 (MHz) f2 (MHz) f3 (MHz) EWL WL
BDS 2 1561.098 1207.14 1268.52 λ (0, −1, 1):4.88 m λ (1, −1, 0): 0.85 m

Galileo 1575.42 1278.75 1207.14 λ (0, 1,−1):4.19 m λ (1, −1, 0): 1.01 m

Fig. 4  Biases of other cairrier 
phases (BDS B2 B3, Galileo E1 
E6 E5b) relative to carrier phase 
in BDS B1 in the static experi-
ment (cycle slips were detected 
and repaired)

 

Fig. 3  The number (top) and ele-
vation angle (botton) of visiable 
satellites from BDS and Galileo 
in the static experiment
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To ensure successful single-difference ambiguity resolu-
tion, it is also essential to estimate and correct the relative 
biases between pseudorange and carrier phase. Given that 
the clock errors for all measurements have already been 
corrected to the BDS B1 frequency, only the pseudorange-
carrier bias of BDS B1 requires estimation. The results are 
presented in Fig. 6, where the mean value can be considered 
as the approximate pseudorange-carrier bias. Detailed pseu-
dorange corrections for all frequencies are also provided in 
Table 2.

Figure  6 also depicts the pseudorange multipath error 
for the BDS satellite with the highest elevation angle, as 
the carrier phase multipath error is considerably smaller 
than that of the pseudorange. As shown in the bottom 
left of Fig.  3, the elevation angle of this satellite gradu-
ally increases from approximately 70 degrees, reaching a 
peak of about 85 degrees around epoch 2000, after which 
it steadily decreases. Correspondingly, Fig. 6 indicates that 
the pseudorange multipath error decreases continuously 
until epoch 2000 and then begins to increase slowly. This 
further demonstrates that multipath errors in measurements 
at low elevation angles are significantly larger.

Positioning analysis

In real-time period, when measurements from these fre-
quencies are received, they are calibrated using the specified 

millimeter-level precision. However, these biases may 
change when receivers are restarted. Currently, these biases 
can only be estimated in real-time and remain valid until the 
receiver is powered off. This paper does not delve into the 
stability of these inter- or intra-system biases, as they have 
been extensively investigated in existing research (Odijk et 
al. 2012; Odijk and Teunissen 2013; Paziewski and Wiel-
gosz 2015; Paziewski et al. 2015; Li et al. 2018; Gao et al. 
2018; Gao et al. 2018; Tian et al. 2018; Tian et al. 2019; 
Zhao et al. 2021). We anticipate that in the future, these 
biases will be directly calibrated within receivers, eliminat-
ing the need for user intervention. Consequently, we treat 
these biases as constants in this paper. The mean values of 
these biases from the first five minutes are used to correct 
the carrier phases in the whole experiment, with detailed 
corrections presented in Table 2.

The estimation of pseudorange biases is relatively easier, 
as it does not require consideration of cycle slips. The esti-
mated pseudorange biases are illustrated in Fig. 5. Notably, 
the variances of these biases are significantly larger than 
those associated with the carrier phase. Multipath errors are 
more readily identifiable in these biases compared to the 
carrier phase. This conclusion holds true even for measure-
ments from the satellites with the highest elevation in the 
two constellations. It can be inferred that the remaining sat-
ellites (with lower elevation angles) exhibit larger multipath 
errors, which can adversely affect ambiguity resolution.

Table 2  Bias corrections (m) for all measurements used in the static experiment
Frequency BDS B1 BDS B2 BDS B3 Galileo E1 Galileo E6 Galileo E5a
Pseudroange 49.96 58.80 64.60 55.99 65.87 59.96
Carrier phase 0 -25.258 -11.949 20.898 13.734 1.621

Fig. 5  Biases of other pseudo-
ranges (BDS B2 B3, Galileo 
E1 E6 E5b) relative to pseudo-
range in BDS B1 in the static 
experiment
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single-difference model requires fewer satellites for 
positioning (5 < 4 + n). Consequently, compared to the 
intra-system double-difference model, the positional 
availability of the single-difference model can poten-
tially be enhanced in challenging environments.

3)	 DD-LAMBDA: Intra-system double-difference mea-
surements are used in the LAMBDA method for ambi-
guity resolution (Verhagen et al. 2012), and the ratio 
test is used for ambiguity validation with a threshold 
2 (Euler and Schifrin 1991). The presence of non-neg-
ligible carrier phase multipath errors diminishes the 
effectiveness of the ratio test for ambiguity validation 
in a single-epoch mode. Here we only use this algo-
rithm to show the results under a fixing threshold 2 for 
comparison.

The positioning results of the three algorithms are pre-
sented in Fig.  7. Overall, all results achieve accuracy at 
centimeter level to decimeter throughout the entire experi-
ment, although with varying levels of availability. The 
SD-RANSAC-TCAR algorithm demonstrates the highest 
availability, attributed to its strengthened model. In contrast, 
the DD-LAMBDA algorithm exhibits the lowest availabil-
ity, as it lacks fault detection and exclusion mechanisms 
in its ambiguity resolution process. Among the algorithms 
depicted in Fig.  7, the DD-RANSAC-TCAR algorithm 
achieves the highest accuracy, since it only positions when 
available satellites are more than six (4 + 2).

For a more comprehensive analysis, the detailed posi-
tioning availabilities and the Root Mean Square Error 
(RMSE) under different numbers of available satellite are 
summarized in Table 3. Overall, the SD-RANSAC-TCAR 
algorithm demonstrates the highest positional availability, 
achieving 3316 epochs, which significantly surpasses the 

corrections. These corrections remain unchanged until the 
two receivers are restarted. After the calibration, all mea-
surements exhibit a uniform receiver clock error, allowing 
for the processing of single-difference ambiguity resolution. 
Once all ambiguities are resolved, only a mixed receiver 
clock error needs to be considered during the position-
ing process, irrespective of the number of constellations 
involved. This approach enhances the strength of the model 
when multiple constellations are utilized concurrently. For 
better comparative analysis, three different algorithms are 
employed for positioning in this case, and all these algo-
rithms are in single-epoch mode.

1)	 SD-RANSAC-TCAR (Proposed Algorithm): In this 
algorithm, the relative biases associated with dif-
ferent measurements are estimated beforehand and 
subsequently used to calibrate received measure-
ments in real-time. The TCAR is conducted based on 
between-receiver single-difference measurements. The 
RANSAC algorithm is employed to detect and exclude 
satellites with incorrectly resolved ambiguities. Since 
three positional coordinates and one receiver clock 
error are unknown, the threshold for inliers is set at 
five (four unknowns + one redundancy, i.e. 5 satellites) 
in this case. This implies that positioning is performed 
when the number of inliers exceeds five.

2)	 DD-RANSAC-TCAR: Unlike the first approach, this 
algorithm utilizes intra-system double-difference mea-
surements. The TCAR is then applied to resolve the 
ambiguity for each satellite-pair. In the RANSAC pro-
cess, only three positional coordinates are unknown, 
leading to a threshold of inliers set at four (three 
unknowns + one redundancy, i.e. 4 + n satellites), where 
n represents the number of constellations. It can be find 
that when more than one constellation is present, the 

Fig. 6  Bias between pseudorange 
and carrier phase in BDS B1 in 
the static experiment
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more comparable to those of SD-RANSAC-TCAR as the 
number of satellites increases, achieving 1313 and 1143 
epochs for seven and eight satellites, respectively. The fix-
ing rates of DD-LAMBDA decrease as the number of sat-
ellites increases. One reason for this is that as the number 
of satellites increases, the probability of large errors also 
increases. However, the LAMBDA method lacks an effec-
tive mechanism to detect and exclude these satellites. Addi-
tionally, a larger number of satellites make it difficult for 
the searched ambiguities to pass the ratio test. Effectively 
validating the searched ambiguities using LAMBDA still 
remains a challenge.

Dynamic field experiment

A vehicular experiment was conducted in urban areas (Nan-
jing) to further validate the effectiveness of the proposed 
single-difference TCAR algorithm. The experimental setup 
is detailed in Table  4. Multiple constellations, including 
GPS, BDS (2 and 3), Galileo, and the Quasi-Zenith Satellite 
System (QZSS), were used in this eperiment. The reference 
trajectory was established using a high-grade Inertial Mea-
surement Unit (IMU), the Honeywell HGuide N580, tightly 
integrated with GNSS data using software Inertial Explorer 
(IE) in forward-backward RTK mode. Figure  8 illustrates 

availabilities of the other two double-difference algorithms, 
which achieve 2456 and 1961 epochs, respectively.

The positioning accuracy of the three algorithms is com-
parable, with SD-RANSAC-TCAR achieving an RMSE 
of 5.03  cm, DD-RANSAC-TCAR at 4.21  cm, and DD-
LAMBDA at 5.43  cm. These slight differences can be 
attributed to the varying percentages of results with differ-
ent numbers of satellites. An obvious finding from Table 3 
is that as the number of satellites increases, the position-
ing accuracy of the three algorithms improves. When fewer 
than six satellites are available, none of the algorithms can 
achieve high-precision positioning. With six visible satel-
lites, SD-RANSAC-TCAR and DD-LAMBDA achieve 
positional availability at 517 and 461 epochs, respectively, 
with similar RMSE values of 7.48  cm and 7.89  cm. DD-
RANSAC-TCAR is unable to position in this scenario, 
as it requires more than six satellites, as previously men-
tioned. This highlights the significance of the proposed 
single-difference ambiguity resolution, particularly when 
multiple constellations are utilized. When seven or eight 
satellites are available, all three algorithms can success-
fully position. SD-RANSAC-TCAR continues to exhibit 
the highest availability, with 1629 and 1170 epochs, respec-
tively. It is noteworthy that all epochs tracking eight satel-
lites achieved high-precision positioning with the proposed 
algorithm. The results of DD-RANSAC-TCAR become 

Table 3  The 3D RMSE (cm) under different satellite numbers, and the corresponding positional availabilities (epoch)
Satellite number Less than 6 6 7 8 Total
SD-RANSAC-TCAR 3D RMSE (cm) NaN 7.48 5.10 3.29 5.03

Availability (epochs) 0 517 1629 1170 3316
DD-RANSAC-TCAR 3D RMSE (cm) NaN NaN 5.12 2.82 4.21

Availability (epochs) 0 0 1313 1143 2456
DD-LAMBDA 3D RMSE (cm) NaN 7.89 5.52 2.41 5.43

Availability (epochs) 0 461 827 673 1961
Total observed epochs 9 702 1719 1170 3600

Fig. 7  Positioning errors of static 
experiment in east north and up 
directions
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Positioning analysis

1000s (1 Hz) data from the urban areas in Fig. 8 were used 
for positioning analysis. The detailed numbers of tracked 
satellites from different constellations are shown in Fig. 9, 
and the corresponding three-frequency pseudorange errors 
of these satellites are shown in Fig. 10, with the maximum 
up to about 70 m. This indicates that the data quality during 
this period is poor, which may disable ambiguity resolution. 

the trajectory and the experimental environments. The entire 
trajectory encompasses both suburban and urban areas.

Biases Estimation

Five-minute data from suburban areas were used for mea-
surement biases estimation. During this estimation period, 
traditional intra-system double-difference RTK was used for 
positioning. The fixed solutions were then used to estimate 
these biases, with GPS L1 as the benchmark.

Table 4  The details of the experimental setting in vehicular experiment
Reference station Antenna: Zhongyu HZZACF-S808; Receiver: Trimble BD990
Rover station Antenna: Zhongyu ZYACF-S806; Receiver: Trimble BD990
Baseline < 7 km
Sampling duration About 1 h
Sampling rate 1 Hz
Constellation f1 (MHz) f2 (MHz) f3 (MHz) EWL WL
GPS 1575.42 1227.60 1176.45 λ (0, 1, −1):5.86 m λ (1, −1, 0): 0.86 m

BDS2 1561.098 1207.14 1268.52 λ (0, −1, 1):4.88 m λ (1, −1, 0): 0.85 m

BDS3 1561.098 1176.45 1268.52 λ (0, −1, 1):3.26 m λ (1, −1, 0): 0.78 m

Galileo 1575.42 1207.14 1176.45 λ (0, 1,−1):9.77 m λ (1, −1, 0): 0.81 m

QZSS 1575.42 1227.60 1176.45 λ (0, 1,−1):5.86 m λ (1, −1, 0): 0.86 m

Fig. 8  Vehicular experimental trajectory and environments
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in suburban areas are used here for urban area measure-
ment corrections.

2)	 DD-RANSAC-TCAR: A 15-degree mask angle and a 
C/N0 threshold 35 dB-Hz were used for initial satellite 
selection in the vehicular experiment. The threshold for 
inliers is set at six (three unknowns + three redundan-
cies, i.e. 6 + n satellites), where n represents the num-
ber of constellations. Other settings are same as that in 
static experiment.

Similarly, three algorithms are used here for comparison in 
single-epoch mode.

1)	 SD-RANSAC-TCAR (Proposed Algorithm): A 
15-degree mask angle and a C/N0 threshold 35 dB-Hz 
were used for initial satellite selection in the vehicu-
lar experiment. The threshold for inliers is set at seven 
(four unknowns + three redundancies, i.e. 7 satellites), 
due to larger noise. The estimated measurement biases 

Fig. 10  Double-difference pseudorange errors of all tracking satellites

 

Fig. 9  The number of track-
ing satellites from different 
constellations
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This explains why the red portion (not fixed epochs) of 
DD-LAMBDA in Fig.  12 appears more than 21.8%. The 
DD-RANSAC-TCAR algorithm can detect and exclude 
faulty satellites, performing significantly better than DD-
LAMBDA. However, its performance is limited by insuf-
ficient satellite visibility when tall buildings flank the street, 
as seen in the zoomed-in section of Fig. 12. The proposed 
SD-RANSAC-TCAR method achieves an impressive 
nearly 100% fixed solution rate, demonstrating its superior 
positioning performance in harsh environments.

Conclusion

The traditional intra-system double-difference model neces-
sitates sacrificing one reference satellite per constellation, 
which can lead to insufficient satellite-pairs for ambiguity 
resolution in challenging environments. To address this 
limitation, we propose a single-difference TCAR algorithm. 
This algorithm estimates relative measurement biases in 
advance, which are then used to correct real-time measure-
ments. These biases do not require re-estimation unless 
there is a significant change in the receiver’s internal biases, 
typically caused by a receiver restart. This approach is 
superior to the latest inter-system double-difference model, 
where biases should be re-estimated following a cycle slip 
in the reference satellite or a change in the reference sat-
ellite. The model strength is also further enhanced using 
the between-receiver single-difference model by calibrat-
ing the pseudorange-carrier and multi-frequency (within a 
constellation) biases, which are ignored in the inter-system 
double-difference model. The corrected measurements 
enable instantaneous single-difference TCAR. Additionally, 
RANSAC is employed to detect and exclude satellites with 
incorrectly fixed ambiguities before positioning.

3)	 DD-LAMBDA: Since the measurements in the dynamic 
experiment are very poor, the LAMBDA can fix only a 
few epochs, with 15-degree mask angle and 35 dB-Hz 
C/N0 threshold. They are set as 20 degrees and 40 
dB-Hz in this case. The threshold is still 2 for the ratio 
test.

The positioning results of the three algorithms are presented 
in Fig. 11; Table 5. All three algorithms achieve centime-
ter-level accuracy, with 3D RMSEs of 5.28  cm, 6.33  cm, 
and 3.64  cm for the proposed SD-RANSAC-TCAR, DD-
RANSAC-TCAR and DD-LAMBDA, respectively. A sig-
nificant finding is that the proposed algorithm achieves 
99.8% positional availability, surpassing the two compara-
tive algorithms. This highlights the great potential of the 
proposed algorithm to provide high-precision positioning 
services in challenging environments. Further validation is 
provided in Fig. 12, which illustrates the fixed solutions of 
the three algorithms on a map. The GNSS data were col-
lected from typical urban areas with high-rise buildings. 
The DD-LAMBDA algorithm is sensitive to large GNSS 
measurement errors, resulting in an inability to fix ambi-
guities near tall buildings, particularly those with glass 
facades. Although the fix rate for DD-LAMBDA is 78.2%, 
nearly half of these fixes occur while waiting at traffic lights 
at intersections, where the environment is relatively open. 

Table 5  The 3D RMSE (cm) and the positional availabilities (epoch)
SD-RANSAC-TCAR 3D RMSE (cm) 5.28

Availability (epochs) 998
DD-RANSAC-TCAR 3D RMSE (cm) 6.33

Availability (epochs) 947
DD-LAMBDA 3D RMSE (cm) 3.64

Availability (epochs) 782
Total observed epochs 1000

Fig. 11  Positioning errors of 
vehicular experiment in east 
north and up directions
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Given that the proposed algorithm can operate in a single-
epoch mode once relative measurement biases are esti-
mated, it shows great potential for real-time positioning in 
challenging environments.

Although the effectiveness of the proposed algorithm 
has been demonstrated through several experiments, the 
requirement for prior estimation of these biases remains a 
limitation. In particularly GNSS challenging environents 
where these biases cannot be estimated in real time or in 
advance, the proposed algorithm becomes inapplicable. 
Nevertheless, there are scenarios in which these biases can 
be neglected. Many studies have reported that when the 
same type of receiver (some brands) is used at both the ref-
erence and rover stations, these biases become negligible 
(Håkansson et al. 2017). We believe that with the advance-
ment of receiver technology, these receiver-related biases 
can be thoroughly addressed in the near future, enabling 

We conducted both static and vehicular experiments in 
challenging urban environments to validate the proposed 
method. In the static experiment, the results demonstrate 
that the proposed SD-RANSAC-TCAR significantly outper-
forms DD-RANSAC-TCAR and DD-LAMBDA in terms 
of positional availability, achieving 92.1% compared to 
68.3% and 54.5%, respectively. The positioning accuracies 
of the three algorithms are comparable, with 3D RMSEs of 
5.03 cm (SD-RANSAC-TCAR), 4.41 cm (DD-RANSAC-
TCAR), and 5.43  cm (DD-LAMBDA). In the vehicular 
experiment, GNSS data from suburban areas were used 
to estimate measurement biases in advance, allowing for 
real-time correction of new GNSS data. The SD-RANSAC-
TCAR achieved nearly 100% positional availability in typi-
cal urban areas, with an RMSE of 5.28 cm, outperforming 
DD-RANSAC-TCAR (94.7% availability, 6.33 cm RMSE) 
and DD-LAMBDA (78.2% availability, 3.64  cm RMSE). 

Fig. 12  High-precision positional availabilities (fixed solution) of three algorithms
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data processing. Meas Sci Technol 9(26):95008
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receivers to directly output clean data without measurement 
biases. At that point, the single-difference TCAR method 
proposed in this paper has the potential to provide high-
precision positioning services and demonstrate significant 
value in challenging urban environments.
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